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Physical simulation tools have found widespread applications in
mechanical analysis, industrial design, robotics training, film and game
effects, etc. Computational models play a fundamental role in these
tools, enabling high-fidelity and high-performance simulations of var-
ious physical phenomena. Cloth and origami, with their extreme flex-
ibility and strong geometric nonlinearity, pose challenges in the devel-
opment of accurate, efficient, and robust computational models. These
challenges have drawn broad interest across disciplines. This thesis lies
at the intersection of computer graphics and computational mechanics,
where it develops a series of computational models for cloth and origami
simulations.

In cloth simulation, a hinge-bending model is first considered, where
the edge stencil consists of two adjacent 3-node triangular facets shar-
ing a common edge or hinge. The model fits a cylindrical surface over
the stencil and expresses the directional curvature perpendicular to the
common edge in terms of the hinge angle, which is computed from the
altitude vectors connecting the hinge and the opposite nodes. The gra-
dient and Hessian of the hinge angle are derived analytically in concise
form. Quantitative and qualitative tests are presented to demonstrate
the model’s accuracy and robustness over other hinge-bending models.



To improve the efficiency of the hinge-bending model, a directional
curvature operator is formulated using a corotational frame and the small-
strain-small-curvature assumption. This operator yields a corotational
edge-based hinge thin plate/shell model. To improve mesh consistency
and convergence under mesh refinement, the methodology is extended
to a 6-node triangle-centered stencil consisting of a central triangle and
its three neighbors.Based on this stencil, the corotational finite volume
method (FVM) hinge-bending model applies the FVM to compute the
curvature tensor from the directional curvatures across edges of the cen-
tral triangle. The corotational smoothed hinge-bending model further
transforms these directional curvatures into the curvature tensor. Al-
together, six models are derived, all featuring constant bending energy
Hessians that benefit implicit solvers. These models strike a balance be-
tween accuracy and efficiency, while ensuring robustness.

Sharp creasing artefacts are commonly observed in cloth simulation
when a bending model is combined with a constant membrane strain
triangle. Here, these artefacts are effectively mitigated by employing a
six-node quadratic interpolation scheme over a triangle-centered stencil.

In origami simulations, folding and unfolding of the panels are often
assumed to be driven by the energy stored in the creases. The fold angle
and its derivatives derived from the hinge-bending model can be directly
used for modeling origami structures. To consider curved panels and
creases more effectively, a novel computational model in which origami
panels are discretized by solid-shell finite elements with nodes on the
panel mid-surfaces is proposed. Fold angles varying along a crease are
addressed by using the angle between the nodal directors of the elements
sharing the same node(s) along the crease. To mitigate locking in the
solid-shell elements, the assumed natural strain method is employed.
The accuracy and efficacy of the proposed model are validated through
quantitative and qualitative tests.

The proposed models enhance the computational toolkit for cloth
and origami simulations, providing greater versatility and adaptability.

(500 words)
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Ỹ plane. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.4 Geometric quantities with triangle heights h1–h6 and per-
pendicular feet M, N, P, Q, R, and S. . . . . . . . . . . . . . 73

3.5 Geometric description of the corotational smoothed hinge
bending model. . . . . . . . . . . . . . . . . . . . . . . . . . 76

3.6 A stencil configuration exhibiting singularity arises when
using the interpolation method [218], whereas the present
corotational smoothed-hinge model does not. . . . . . . . 78

3.7 The artificial node L′ (shown in blue) and node L are sym-
metric with respect to the midpoint P of the boundary
edge NM. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

3.8 Convergence and mesh dependency analysis of a simply
supported linear plate under uniform load across three
different mesh structures. . . . . . . . . . . . . . . . . . . . 84



3.9 (a) Cantilever plate subjected to an end shear force F and
(b) hemisphere shell with a 18◦ cut subjected to alternating
radial forces P are tested to evaluate the accuracy and effi-
ciency of different bending formulations in geometrically
nonlinear analysis [180]. . . . . . . . . . . . . . . . . . . . . 87

3.10 Cloth dropped onto a rotating sphere forms complex wrin-
kles due to friction. The top row shows plate models (EP,
FP, SP), and the bottom row shows shell models (ES, FS,
SS), highlighting the robustness of the present formulations. 88

3.11 A twisted cotton cylinder develops pronounced wrinkles
under complex contact conditions, demonstrating robust-
ness for the present ES, FS, and SS models. . . . . . . . . . 89

4.1 A triangle-centered stencil in the nature coordinates (ξ, η).
I, I I and I I I in blue are the edge midpoints of the central
triangle T123. . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.2 Comparison of four bending models (hinge-bending, EP,
FP, and SP) combined with either the CST or smoothed
hinge membrane (SM) model. . . . . . . . . . . . . . . . . . 100

4.3 Transverse displacements of node 6, see Figure 4.2, pre-
dicted by different combinations of bending models (hinge-
bending, EP, FP and SP) and membrane models (CST and
SM). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

4.4 Draped cloth on a sphere fixed on the floor predicted by
using the hinge-bending model combined with either the
CST element or the smoothed hinge membrane (SM) model.
The latter (right figure) effectively mitigates sharp creas-
ing artifacts. . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

4.5 Draped cloth on a sphere fixed on the floor predicted by
using the EP bending model combined with either the CST
element or the smoothed hinge membrane (SM) model.
The latter (right figure) effectively mitigates sharp creas-
ing artifacts. . . . . . . . . . . . . . . . . . . . . . . . . . . . 102



4.6 Draped cloth on a sphere fixed on the floor predicted by
using the FP bending model combined with either the CST
element or the smoothed hinge membrane (SM) model.
The latter (right figure) effectively mitigates sharp creas-
ing artifacts. . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

4.7 Draped cloth on a sphere fixed on the floor predicted by
using the SP bending model combined with either the CST
element or the smoothed hinge membrane (SM) model.
The latter (right figure) effectively mitigates sharp creas-
ing artifacts. . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

4.8 Zoom-in views illustrate that the smoothed-hinge mem-
brane (SM) model effectively mitigates sharp creasing ar-
tifacts compared with the CST membrane element. . . . . 105

4.9 (a) Garment patterns are staged on a mannequin. (b) After
stitching, the garment details are vividly simulated in a
dancing sequence. . . . . . . . . . . . . . . . . . . . . . . . 106

5.1 The bilinear (4-node) and biquadratic (9-node) solid-shell
elements. Nodes are located on the mid-surface. . . . . . . 111

5.2 The sampling points of the bilinear solid-shell element. ◦
denotes the node, × denotes the sampling point for εANS

ζζ ,
• and • denote the sampling points for γANS

ζξ and γANS
ζη ,

respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
5.3 The sampling points of the biquadratic solid-shell element.

◦ denotes the node, × denotes the sampling point for εANS
ζζ ,

• denotes the sampling points for εANS
ξξ and γANS

ζξ . • de-
notes the sampling points for εANS

ηη and γANS
ζη . • denotes

the sampling points for εANS
ζζ . . . . . . . . . . . . . . . . . . 116

5.4 Solid-shell elements at two sides of a crease. The fold an-
gle θ is the angle between the directors p and q of elements
"a" and "b". . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

5.5 Nonlinear behavior of the folding energy. The limit angles
θL and θR are tunable. . . . . . . . . . . . . . . . . . . . . . . 119

5.6 A Miura-ori unit cell. . . . . . . . . . . . . . . . . . . . . . . 122



5.7 The semi-width W and the height H plotted against the
folding ratio L/b, see Figure 5.6. The predictions yielded
by BLSS and BQSS are graphically indistinguishable from
the analytical solutions. . . . . . . . . . . . . . . . . . . . . . 123

5.8 The annular sector extracted from the cone with apex an-
gle ϕ = 90◦ is meshed into 32 × 4 elements. Length of the
red arc is πR/4. The annular sector was folded along the
red arc, leading to curved-crease origami structure with
the fold angle equal to the apex angle. . . . . . . . . . . . . 124

5.9 The bending energy in the folded annular sector versus
the mesh density. . . . . . . . . . . . . . . . . . . . . . . . . 124

5.10 Comparison of the predicted end deflections using the present
solid-shell elements with the reference solutions obtained
from ABAQUS S4R element. . . . . . . . . . . . . . . . . . 126

5.11 Folding a plate outlined by the grey rectangular mesh along
the red curved line induces significant bending deforma-
tion as illustrated by the deformed configuration in pur-
ple. In the case of BLSS, the red curve bcomes multilinear.
A, B, C, D and E are displaced to A′, B′, C′, D′ and E′ . . . . 127

5.12 (a) The upper figure shows the undeformed mesh of a
Miura-ori structure formed by sinusoidal creases. (b) The
upper figure shows the undeformed mesh of a canopy
structure formed by parabolic creases . In the meshes, red
and green lines also indicate mountain and valley creases,
respectively. The deformed structures are portrayed in
purple. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

5.13 Buckle an annulus. The three states within the black dashed
box are obtained from simulation while the photo on the
bottom is extracted from [204]. . . . . . . . . . . . . . . . . 130

F.1 Geometric quantities for the cotangent formula. . . . . . . 161

G.1 Diamond region (shaded in blue) represents the integra-
tion area used in the bending model of Grinspun et al. [66]. 166



G.2 The equivalent stiffness of the bending hinge is obtained
using a quadrilateral plate. The left image is extracted
from [207], and the right image is extracted from [41]. . . . 167

I.1 A triangle-centered stencil in the ξ–η frame. I, I I and I I I
in blue are the edge midpoints of the central triangle T123.
The ξ ′–η′ frame is obtained by a clockwise rotation by an
angle 45◦ of the ξ–η frame and then a translation of the
origin to I I (1/4, 1/4). . . . . . . . . . . . . . . . . . . . . . 173

J.1 Geometry of the cone. . . . . . . . . . . . . . . . . . . . . . . 177
J.2 Developed annular sector showing the area element. . . . . 180



xiii

List of Tables

2.1 Comparison of the number of load increments between
Hu et al. [72] and the present hinge-folding model. In
the “Cases” column, entries without parentheses denote
origami panels modeled using M3D4/M3D3 elements to-
gether with their developed corotational Q4 bending ele-
ment. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.1 Displacement, Newton iteration and time data for the Can-
tilever under End Shear Force, Hemispherical Shell under
Alternating Radial Forces, and Linear Plate Bending ex-
amples. "NaN" represents numerical issues encountered
by the model. The results of ABAQUS S4R act as reference
solutions. Wtip represents the displacement along the pos-
itive Z-direction of the midpoint on the right-hand side of
the cantilever plate. Umin is the maximum displacement
along the negative X-direction and Vmax is the maximum
displacement along the positive Y-direction. . . . . . . . . . 86

4.1 Coordinates of a triangle-centered stencil for the simple
drape test in Section 4.2.1. . . . . . . . . . . . . . . . . . . . 99





xv

List of Abbreviations

AI Artificial Intelligence
AABB Axis-Aligned Bounding Box
ADMM Alternating Direction Method of Multipliers algorithm
ANS Assumed Natural Strain
BDF2 The second-order Backward Differentiation Formula
BLSS Bilinear Solid-Shell Element
BQSS Biquadratic Solid-Shell Element
BVH Bounding Volume Hierarchy
CCD Continuous Collision Detection
CFL Courant–Friedrichs–Lewy condition
CST Constant Strain Triangle
DCD Discrete Collision Detection
DDG Discrete Differential Geometry
EAS Enhanced Assumed Strain
EP Corotational Edge-based Hinge Thin Plate
ES Corotational Edge-based Hinge Thin Shell
FEM Finite Element Method
FVM Finite Volume Method
FP Corotational FVM Hinge Thin Plate
FS Corotational FVM Hinge Thin Shell
FVM Finite Volume Method
GNN Graph Neural Network
GPU Graphics Processing Unit
IP Incremental Potential
IPC Incremental Potential Contact
KL Kirchhoff–Love theory
L-BFGS Limited-memory Broyden–Fletcher–Goldfarb–Shanno algorithm
LCP Linear Complementarity Problem



MITC Mixed Interpolation of Tensorial Components
NURBS Non-Uniform Rational B-Splines
OBB Oriented Bounding Box
PBD Position-Based Dynamics
PD Projective Dynamics
VLA Vision-Language-Action
VR Virtual Reality
AR Augmented Reality
SI Système International d’Unités
SM Smoothed Hinge Membrane Model
SP Corotational Smoothed Hinge Thin Plate
SS Corotational Smoothed Hinge Thin Shell
StVK St. Venant–Kirchhoff
WAM World Action Model



xvii

List of Symbols

A Integration area of a triangle or quadrilateral
AE Integration area of an edge stencil
aαβ,Aαβ First fundamental form components of the cur-

rent and initial midsurface
B(x) Contact barrier potential
D(x) Friction potential
Dt Thickness stiffness
E Young’s modulus
E(x) Incremental potential
F Deformation gradient
G Metric tensor in the initial configuration
Gαβ In-plane components of G, α, β = r, s
Gtr, Gts, Gtt Transverse components of G
g Metric tensor in the current configuration
gαβ In-plane components of g, α, β = r, s
gtr, gts, gtt Transverse components of g
h Thickness
I Third order identity matrix
I4×4, I6×6 Fourth and sixth order identity matrices
J Jacobian determinant of the coordinate transfor-

mation
kb Bending stiffness
k f Folding stiffness per unit length
l Length
lij Length of edge ij connecting points i and j
L f l Lagrange interpolation function in the full direc-

tion



Lrd Lagrange interpolation function in the reduced
direction

Li Interpolation function at node i of the crease
M Mass matrix
Ni Interpolation function of node i
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Chapter 1

Introduction

Thin flexible objects are prevalent across engineering, art, and nature.
Examples include garments and wearable textiles, deployable space struc-
tures, foldable architectural elements, artistic paper folding, and biolog-
ical surfaces such as leaves and insect wings. Modeling and simulat-
ing thin flexible objects have attracted significant attention from differ-
ent disciplines including computational mechanics and computer graph-
ics. These objects often exhibit pronounced geometric nonlinearity and
strong coupling between geometry and mechanics, leading to complex
behaviors under external stimuli. Capturing these behaviors necessitates
the development of efficient, accurate, and robust numerical simulation
techniques. This thesis focuses on the simulation of two representative
thin flexible objects: cloth and origami.

Cloth typically exhibits smooth and highly flexible deformations,
whereas origami is characterized by discrete panel deformations and
sharp folds along the crease. Plates/shells can serve as a conceptual
bridge for modeling both cloth and origami. At the macroscopic scale,
cloth (fabric) can be physically modeled as plates/shells, while origami
structures can be modeled as assemblies of hinged plates/shells. In both
cases, computational models are essential to capture the physical behav-
ior as well as enable efficient and robust numerical simulation. As a
result, the development of computational models is the focus of this the-
sis.

This chapter first provides a separate review of cloth simulation and
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origami simulation, each with a particular focus on computational mod-
els. Then, the physical modeling of shells and shell-like solids is intro-
duced. Finally, the objective and organization of the thesis are outlined.

1.1 Review on Cloth Simulation

Physics-based cloth simulation has a wide range of applications, includ-
ing fashion design software for rapid garment prototyping [190], virtual
try-on systems for online shopping [73], physically realistic clothing dy-
namics in games and film [85, 169], pretraining simulators for robotic
manipulation of flexible objects [112], as well as interactive experiences
on Virtual Reality (VR) and Augmented Reality (AR) devices [120, 90].
These simulations rely on physical modeling of cloth tailored to specific
application scenarios, capturing mechanical material properties and in-
teractions such as contact and friction with the environment, thereby
providing support for downstream applications.

In this section, the essential components and historical development
of physics-based cloth simulation are first summarized. Since this thesis
focuses primarily on cloth modeling at the macroscopic scale, the dis-
cussion then emphasis on computational models for thin plates/shells.
Since the application scenarios are more aligned with graphics-oriented
tasks, the review of physics-based cloth simulation primarily draws from
the computer graphics community. However, the underlying computa-
tional models are broadly applicable and have been developed within
both the computer graphics and computational mechanics communities.

Beginning with the seminal work by Terzopoulos et al. [185], cloth
has been modeled as an elastically deformable surface grounded on dif-
ferential geometry and elasticity theory. The surface geometry was dis-
cretized using a regular grid for the finite difference method, with semi-
implicit integration used for time stepping. Collision dynamics were
handled via a simple self-repulsive force model. This foundational frame-
work highlights the essential components of a basic cloth simulator: a
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numerical time integrator, a contact handling module, and a computa-
tional model for expressing the cloth’s physical and mechanical proper-
ties.

1.1.1 Numerical Time Integrator

Starting with time integration schemes, the semi-implicit method [185,
2] introduced in early simulators was found to introduce excessive nu-
merical damping, which suppresses dynamic behaviors such as natural
fluttering or oscillation of folds. High-frequency motions, such as rapid
vibrations or fine wrinkles, tend to be overly damped, resulting in simu-
lations that appear overly smooth or viscous and lacking realism. To alle-
viate the excessive numerical damping, implicit midpoint method [192],
backward Euler method [195], hybrid implicit-explicit methods [168, 19],
second-order accurate schemes like BDF2 [31], and symplectic integra-
tors [167] were introduced to better preserve the system’s total energy.
In parallel, explicit time integration with small time steps was widely
adopted [20, 18, 193]. However, explicit schemes are constrained by
the Courant– Friedrichs–Lewy (CFL) condition [35], and as stiffness and
nonlinearity increase, the simulation system may suffer from severe nu-
merical instability.

Implicit schemes offer unconditional numerical stability and sup-
port large time steps, making them the predominant choice for cloth
simulation. Inspired by the time-stepping of incremental potential (IP)
in the variational framework from Ortiz and Stainier [131], Kharevych
et al. [86] and Martin et al. [119] reformulated implicit time integration
as a nonlinear optimization problem. In this formulation, the local min-
imizers of the incremental potential yield the forward prediction of the
implicit time integration at each time step [83]. This optimization time
integrator enables the use of powerful numerical optimization solvers
to minimize the energy, leading to more efficient and stable cloth sim-
ulations. To further improve efficiency, projective dynamics (PD) [15,
109] introduced an iterative local and global scheme for implicit time
stepping. However, the original PD framework is limited to special
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cases where the potential energy assumes a quadratic form of the po-
sition. Liu et al. [110] extended PD by introducing Sobolev precondi-
tioning, making it applicable to a broader class of hyperelastic constitu-
tive models. They also employed the Sobolev-preconditioner to initial-
ize the Limited-memory Broyden–Fletcher–Goldfarb–Shanno (L-BFGS)
algorithm, significantly improving the convergence of the PD solver. In
parallel, Narain et al. [125] and Overby et al. [133] demonstrated that PD
can be interpreted as a specific Alternating Direction Method of Multi-
pliers (ADMM) algorithm, where the deformation gradient is treated as
a local variable during the local solve step. Both L-BFGS and ADMM
are techniques for solving nonlinear optimization problems [129]. More
recently, Li et al. [99] proposed the incremental potential contact (IPC)
method, which formulates elastodynamics with contact as a constrained
incremental potential problem incorporating both contact and dissipa-
tive potentials. This formulation transforms a constrained optimization
problem into an unconstrained one, enabling well-designed solver for
intersection- and inversion-free simulation trajectories. Subsequently,
IPC has been widely adopted in various scenarios, including cloth and
shell simulation [100], rigid body dynamics [50], and higher-order trian-
gles [49].

1.1.2 Contact Handling

Contact involving both collision and friction is a fundamental compo-
nent of cloth simulation and plays a key role in achieving realistic be-
havior. Due to the flexible nature of cloth, contact mainly occur as self-
collisions and interactions with external objects.

Collision

The collision module typically consists of two stages: collision detection
and collision response.

Performing exhaustive collision tests between all primitive pairs is
computationally prohibitive. Collision detection is commonly divided
into a broad phase and a narrow phase.
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The broad phase is responsible for quickly eliminating unnecessary
triangle-triangle intersection tests, a process known as collision culling.
One widely used approach is to construct a bounding volume hierar-
chy (BVH), which organizes objects into a tree of hierarchical bound-
ing volumes such as boxes or spheres. This structure allows for effi-
cient pruning of non-colliding pairs by traversing the hierarchy. Vari-
ous types of BVH have been studied, including bounding spheres [76],
OBB [62], AABB [6], spherical shells [91] and box-trees [216]. Another
approach, spatial hashing, discretizes the simulation space into uniform
grid cells and maps objects into these cells via hash tables. This method
reduces the search space by limiting collision detections to neighboring
cells. Each approach has its own advantages and disadvantages. Spatial
hashing is easy to implement and well-suited for GPU execution, but
requires rebuilding the hash table after each object update. In contrast,
BVH is more involved to implement and less GPU-friendly, yet supports
efficient updates by simply adjusting the bounding volumes of affected
objects.

The narrow phase focuses on precise contact determination and typ-
ically includes discrete collision detection (DCD) and continuous colli-
sion detection (CCD). DCD evaluates potential collisions at fixed time
steps and is computationally efficient, but it may miss fast-moving or
thin features. CCD addresses this limitation by detecting the time of
impact under the assumption that primitives follow linear trajectories
within each time interval. For triangle meshes, the narrow phase typi-
cally requires point–triangle and edge–edge intersection tests, which of-
ten reduce to solving cubic equations. However, the numerical stability
of cubic equation solvers is critical [197], necessitating robust algorithms
for root finding [199, 215].

Collision response aims to resolve detected intersections and pre-
vent interpenetration. The use of repulsive forces or the penalty method
is widely adopted due to its simplicity [185, 2, 15, 60, 116, 198]. Several
methods have been proposed to untangle colliding regions by minimiz-
ing overlap [3] or reducing the contour length of collision areas [194,
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213]. Buffet et al. [22] employed implicit field representations to effec-
tively handle interactions in multi-layer cloth. However, these methods
typically require highly stiff penalty energies, which may lead to notice-
able jittering artifacts and require careful parameter tuning to ensure sta-
bility. Alternative formulations have also been proposed to decouple the
cloth dynamics and the collision response. Provot [146] introduced the
concept of impact zones, which group repeatedly colliding nodes into
rigid clusters. Huh et al. [78] further subdivided these zones based on
the nodes’ original mesh positions. Harmon et al. [69] improved fail-
ure handling within impact zones, allowing limited sliding between in-
volved nodes. Bridson et al. [20] proposed a hybrid method combining
repulsion impulses, friction, and impact zones. This method was later
adopted in an adaptive mesh refinement cloth simulator, Arcsim [127].
IPC [99] reformulates collision response with interior-point methods and
differentiable barrier functions, enabling smooth and robust contact han-
dling. It employs spatial hashing for the broad phase and performs CCD
in each nonlinear iteration to keep the simulation strictly within the fea-
sible region. IPC guarantees freedom from interpenetration and element
inversion while removing the need for parameter tuning.

Friction

In terms of friction modeling, Baraff and Witkin [2] used damped forces
to oppose sliding motion tangent to the contact. Bridson et al. [20] im-
plemented Coulomb friction based on explicit time integration. Otaduy
et al. [132] were the first to model cloth contact as a sparse linear com-
plementarity problem (LCP), alternating between normal and tangential
contact iterations. Without the pyramid approximation of the Coulomb
cone, Li et al. [98] used the exact cone and adaptive node refinement
to improve accuracy. To enable fully implicit friction modeling, Brown
et al. [21] treated friction as a dissipative term within an optimization
framework. Ly et al. [115] proposed a PD approach to frictional con-
tact, enforcing non-penetration and Signorini-Coulomb constraints [37]
in a semi-implicit manner. IPC introduces a smooth dissipative potential
based on barrier functions to model friction robustly and implicitly. Co-
dimensional incremental potential contact (C-IPC) [100] extends IPC to
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handle co-dimensional objects, such as sand, rods, cloth, and volumetric
solids, under complex contact scenarios.

In this thesis, the cloth simulation models are integrated into the
open-source C-IPC codebase which will be used to handle the contact
and friction feature to be involved in the simulation.

1.1.3 Towards High-performance and High-fidelity Cloth
Simulation

Based on these developments, some researchers have focused on ad-
dressing the computational bottlenecks in cloth simulation. An early ef-
fort is position-based dynamics (PBD) [124], which deforms objects such
as cloth by explicitly and iteratively projecting constraints between par-
ticles in a Gauss-Seidel-like fashion, adjusting inter-particle distances. It
enables highly parallelizable computations on graphics processing units
(GPUs) but overlooks the underlying physical principles. Subsequent
work [117] extended PBD constraints to have explicit correspondence
with elastic and dissipative energy potentials, aligning it more closely
with the local-global solving structure of PD with implicit Euler time
stepping. Both PD and PBD friendly support GPU acceleration due
to the trivially parallelizable local projection steps. Instead of solving
global systems exactly (e.g., via Cholesky factorization), iterative solvers
such as Jacobi [198] and Gauss-Seidel [56] bring significant speedups
when implemented on GPUs. Lan et al. [94] approximated the logarith-
mic barrier function in IPC with a progressively strengthened quadratic
function, allowing IPC to be embedded within the PD framework. This
offers a promising solution to collision handling challenges within PD,
thereby enhancing simulation realism. Huang et al. [73, 74] further accel-
erated the finte element method (FEM)-based IPC simulation framework
by parallelizing it on GPUs.

A recent research direction is differentiable simulation [101, 102],
which allows backward gradient propagation during forward simula-
tion to optimize material parameters, friction coefficients, and bound-
ary conditions. For example, it can help garment design tools to infer
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appropriate initial conditions for a desired draped state. Another data-
driven differentiable approach uses cloth simulator-generated datasets
to train graph neural networks (GNNs), learning parameters through
message passing between graph nodes and edges for fast inference on
GPUs [138]. Follow-up learning-based work includes adding physics-
based loss terms to the GNN objective for better generalization [63], as
well as unsupervised training approaches to directly predict cloth de-
formation [10, 11]. However, these methods often struggle to guaran-
tee physical accuracy. Feng et al. [48] proposed a simulation-in-the-loop
approach that integrates experimental and simulated fabric drape data
to enable neural regression of nonlinear, anisotropic bending stiffness
coefficients across a wide range of real fabrics. This approach signifi-
cantly narrows the gap between simulation and reality compared to ear-
lier data-driven parameter estimation [201, 33], offering better material
coverage and faster measurement. However, the computational mod-
els of cloth discussed above are primarily based on mass-spring systems
or edge-based hinge-bending models. Their limitations of these models
will be discussed in detail in the next subsection.

As reviewed above, cloth exhibits high flexibility and undergoes
large deformations, which significantly influence its visual appearance.
This has made cloth simulation a long-standing topic of interest in the
computer graphics community. However, the relevance of cloth simula-
tion extends beyond graphics alone. It involves a wide range of techni-
cal challenges and research questions that require interdisciplinary col-
laboration. The review also reveals that, with ongoing advancements
in computational hardware, cloth simulation is moving towards high-
performance and high-fidelity. Despite this progress, the trade-off be-
tween accuracy and efficiency remains a key concern and must be con-
sidered for different applications.

A critical observation is that accurate physical modeling of cloth and
the development of suitable computational models (spatial discretiza-
tion) are fundamental to capturing cloth appearance realistically. These
models have been mainly developed in both the computational mechan-
ics and computer graphics communities. In this thesis, the class of cloth
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that can be modeled as thin plates or shells, which are commonly en-
countered in daily life, will be disscussed. The essential role of compu-
tational models in producing reliable and physically guaranteed simula-
tion results will be highlighted.

1.1.4 Computational Models for Cloth Simulation

Fabrics are thin and flexible. In the related simulation, they are often
modeled as thin plates/shells, with their configurations represented by
smooth midsurface geometries. For computer simulation, the smooth
surface is discretized typically by the positions and/or displacements of
a finite number of nodes on the surfaces. This requirement has led to the
development of a wide range of computational models for cloth simula-
tion based on discrete geometry. As discussed in the next subsection on
continuum plates and shells, when membrane and bending behaviors
are uncoupled, their computational models can be designed separately.

The literature on bending models is notably more extensive than
that on membrane models. This imbalance can be attributed to two pri-
mary reasons. First, membrane stiffness is typically greater than bend-
ing stiffness, which means that membrane deformations are often much
smaller and less visually significant than bending deformations. Sec-
ond, modeling extrinsic deformations via discrete curvature introduces
significant challenges in balancing accuracy, efficiency, and stability. In
this subsection, the reviewed computational models are developed pre-
dominantly from the fields of computer graphics and computational me-
chanics.

Computational bending models

In the computer graphics community, the seminal work by Terzopoulos
et al. [185] introduced the second fundamental form, i.e. the curvature, to
model cloth and deformable surfaces which are discretized using finite
differences on rectangular grids. In pursuit of improved computational
efficiency and robustness, subsequent research explored particle-based
and mass-spring models [16, 17, 18, 193, 43, 31] as alternatives to the
more complex tensorial treatments. In these methods, separate empirical
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Figure 1.1: Discretization stencils. Left: node-centered stencil; middle:
edge-centered stencil; right: triangle-centered stencil.

energy terms were employed to model yarn repulsion, stretching, bend-
ing, and trellising deformations. However, such methods often com-
promised physical fidelity, resulting in material parameters that were
mesh-dependent and difficult to transfer across varying mesh topolo-
gies. Baraff and Witkin [2] introduced a hinge bending model, akin to
the approach of Volino et al. [193], with a focus on cloth simulation for
the initially flat configuration. The hinge bending model is computed
on an edge stencil, which is formed by two adjacent triangles sharing
a common edge (see Figure 1.1 and 1.2). Thus, this bending model is
also termed as the edge-based hinge bending model. Based on the edge
stencil, Bridson et al. [19] formulated an explicit gradient of the hinge
bending energy and integrated it into a mixed explicit-implicit simula-
tion framework. However, their model also only considered the initially
flat configuration. In the same conference proceedings [3], Grinspun
et al. [66] proposed the discrete shell model, grounded in discrete dif-
ferential geometry (DDG), to capture the bending energy of thin shells.
This approach formulates bending energy of each edge stencil based on
the change in mean curvature between the initial and current configura-
tions. This bending energy is similar to the Willmore energy [14], which
is popular in the geometry processing community. The gradient and
Hessian of the hinge angle (see θ in the left image of Figure 1.2) were
initially obtained via automatic differentiation. Automatic differentia-
tion is a technique that computes derivatives by systematically apply-
ing the chain rule to a sequence of elementary operations in a program.
Later, Tamstorf et al. [183, 182] published the hand-derived formulations
and the corresponding bending stiffness. The hinge-bending models of
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Bridson et al. and Grinspun et al. are widely adopted in cloth simu-
lators, including Arcsim [127] and C-IPC [100], respectively. Due to its
simplicity and robustness, the edge-based hinge bending model [66, 19]
is probably the most cited bending model in the graphics community.
However, it is limited in its ability to capture complete local curvature
behavior. It also suffers significantly from mesh dependency [65] issue,
as changes in mesh structure alter the edge stencils used in the bending
formulation. Here, the term ’mesh dependency’ refers specifically to the
sensitivity of the computed bending response to the mesh topology (i.e.,
the connectivity and orientation of triangle edges) and triangular shape
(i.e., aspect ratio and size uniformity), even when the mesh is sufficiently
refined. This behavior arises because the edge stencil computes curva-
ture from a single edge and its two adjacent triangles, capturing only the
directional curvature perpendicular to that edge. On general surfaces
where curvature varies in different directions, the quality of the curva-
ture approximation depends on how well the edge orientations sample
the principal curvature directions. Meshes with irregular topology or
elongated elements may lead to biased curvature estimates, causing the
simulation results to vary with the mesh structure rather than converg-
ing consistently to the continuum solution. Moreover, the model still
leaves room for improvement in real-time applications. More recently,
both the models of Grinspun et al. and Bridson et al. have been shown
to deviate from the reference solution introduced by Romero et al. [152].
The reference solution can be taken to be the theoretical solution of the
equivalent geometric nonlinear cantilever beam problem, obtained by
solving the relevant equilibrium equation numerically. These limitations
have spurred ongoing research into improving existing models and de-
veloping new formulations for more accurate, efficient and robust cloth
and shell simulations.

To enhance the mesh dependency of the edge-based hinge bending
model, a triangle-averaged hinge shape operator [61] was described to
model the bending strain of a thin shell. The edge-based hinge bending
model relies on an edge stencil to compute the discrete mean curvature,
while the triangle-averaged hinge bending model computes the sum of
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Figure 1.2: Left: edge-based hinge bending model; middle: triangle-
averaged hinge bending model; right: midedge shell model. Adapted
from [221].

discrete mean curvatures across all edges of the central triangle, aver-
aged by the area of that triangle. The triangle-centered stencil has a cen-
tral triangle and its three neighbors (see Figure 1.1 and 1.2). The triangle-
averaged hinge bending model has been applied to simulate plasticity
and fracture [139, 126]. However, the convergence of this model to the
ground truth solution remains slow [26, 65]. This issue was effectively
addressed by introducing an additional dof which is midedge normal ro-
tation (see ϕ2 in right image of Figure 1.2) to correct the triangle-averaged
hinge shape operator, resulting in what is known as the midedge opera-
tor [221, 65]. Just as mesh nodes can be regarded as samples of a contin-
uous surface, midedge normals (see Figure 1.3) defined at the midpoints
of triangle edges and pointing toward the smooth surface can be inter-
preted as samples of the surface normals. This operator has been inte-
grated into libshell [26], which is based on the shear-rigid Koiter shell
model, and is also included in the shearable Cosserat shell model [205].
The Cosserat shell model relaxes the KL assumption by introducing in-
dependent microrotations, allowing the shell to capture transverse shear
deformation. While the midedge operator improves mesh dependency
and convergence in thin-shell simulations, the extra midedge dofs intro-
duce a higher computational burden.

To enhance the efficiency of the edge-based hinge bending model,
the hinge angle is linearized under the isometry condition, resulting in
a constant bending energy Hessian and a linear bending force for thin
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Figure 1.3: A mid-edge normal nm, defined at the midpoint of a triangle
edge and oriented toward the smooth surface. Adapted from [65].

plates, known as the quadratic shell model [8, 9]. This model can be
generalized from the cubic shell model [59], which is suitable for ini-
tially curved shell configurations. Although both models offer improved
efficiency, the mesh dependency issue of the edge-based hinge bend-
ing model [66] persists. Wardetzky et al. [203] employed a triangle-
centered stencil to construct a discrete Laplacian operator for modeling
the pure bending of plates under the isometry assumption. Compared to
edge-based stencil models, the triangle-centered approach demonstrates
better convergence to the ground truth solutions. More recently, Le et
al. [95] proposed a nine-node second-order discrete shell model, demon-
strating improved efficiency compared to the discrete shell model [66],
thanks to the use of a second-order edge stencil. However, computa-
tional modeling with second-order edge stencil requires abandoning the
piecewise linear triangle structure.

To enhance the accuracy of the edge-based hinge bending model,
Feng et al. [48] presented an improved formulation by treating the com-
mon edge in the edge stencil as a torsional spring. This formulation is
tested by Romero’s cantilever test. In contrast to the DDG shell formula-
tion, this formulation follows a different modeling strategy and therefore
does not provide an explicit expression for the bending rigidity. In addi-
tion, they employed a neural network to estimate a set of nonlinear and
anisotropic material parameters for the model, with the goal of bridging
the gap between simulation and visual realism.

To enhance the robustness of the edge-based hinge bending model,
Wang et al. [202] and Wu et al. [210] performed eigensystem analyses
to refine the Hessian of the bending energy, particularly under extreme
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simulation conditions. This line of work was motivated by observations
in Tamstorf et al. [182], which noted that the Hessian of the original
model can occasionally become non–positive definite, thereby compro-
mising the stability of implicit solvers.

In parallel with the development of DDG shell models, researchers
have explored a variety of alternative approaches. For complex knitted
fabrics, dedicated representations such as B-spline tubes [82] and cross-
ing rods [145] have been proposed to capture yarn-level fiber behavior
in detail. To date, modeling fabric as a homogeneous elastic material
with yarn-level fibers still leaves substantial room for improvement. For
thick clothing materials like leather, continuum-based thick shell mod-
els [29] have been used to account for the constitutive behavior through
the material thickness. Etzmuß et al. [46] extract the rotational compo-
nent from the deformation gradient of each element to map the bending
stiffness matrix in the local frame to the global frame. Along similar
lines, Thomaszewski et al. [187] adopt subdivision basis functions [32]
to enhance simulation accuracy and extract rotation fields from the de-
formation gradient of each element to handle large rotation. Clyde et
al. [33] combined a thin shell model based on subdivision basis func-
tions [32] with data-driven techniques to measure a range of real-world
anisotropic fabric parameters. However, a known drawback of subdivi-
sion basis functions is their significant computational cost. In addition, a
variety of emerging computational models, including the material point
method [80], peridynamics [114], and other meshless methods [25], have
been explored to simulate cloth behavior. These techniques are widely
studied in the computational mechanics community due to their appli-
cability to the simulation and analysis of complex engineering problems.

In the computational mechanics community, the modeling and sim-
ulation of plates/shells has been a long-standing topic. Shell finite ele-
ments have become increasingly mature and are widely used by engi-
neers in the design and analysis of aerospace vehicles, aircraft, electronic
chips, buildings, bridges, among others. Naturally, this has inspired
efforts to apply shell finite elements to cloth simulation, and indeed,
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many such attempts were made, particularly during the 1990s. Col-
lier et al. [34] developed a large-displacement and small strain analysis
method using a four-node anisotropic flat thin shell element to predict
the drape coefficient of cotton fabrics. As the interpolated displacement
is not first order continuous, the element belongs to the class of incom-
patible elements. Gan et al. [58] employed a nine-node degenerated shell
element. To avoid shear and membrane locking, their formulation incor-
porated reduced integration and stabilization of spurious zero-energy
modes. Kim [89] simulated fabric draping based on the geometrically
exact shell theory proposed by Simo et al. [163, 162, 164]. Deng [38] and
Eischen et al. [44] extended Kim’s work to include buckling, contact, and
material nonlinearity. Chen and Govindaraj [24] used a shear-flexible
shell element to predict fabric draping behavior, presenting both static
results and animated sequences of a square fabric covering a flat square
surface. Kang and Yu [84] employed the MITC4 four-node degenerated
shell element [4]. However, most of these continuum shell finite ele-
ment models were limited to simulating low-drapability fabrics. Sze and
Liu [174] reported that their attempts to simulate high-drapability fab-
rics using commercial finite element software either resulted in overly
rigid behavior or failed to converge, even when employing arc-length
methods. These limitations revealed that conventional plate and shell
elements were not particularly successful in capturing the complex be-
havior of cloth. Consequently, researchers began to explore alternative
computational models specifically tailored for cloth simulation.

Chen et al. [27] employed the concept of the finite volume method
(FVM) to model the behavior of orthotropic fabrics. The warp and weft
curvatures were captured using three nodes along the principal mate-
rial directions. Membrane tension and compression were modeled by
connecting adjacent node pairs along the warp and weft directions, ef-
fectively forming line springs. Membrane shear was captured using the
edges connecting neighboring nodes in the warp and weft directions.
This approach is similar to the particle-based models [17, 43] but bene-
fits from the finite volume framework in which spring constants can be
directly computed from experimentally measured stiffness coefficients.
Sze and Liu [174, 178] proposed a grid- or particle-based model in which
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the curvature along each of the warp and weft directions is computed
using a central node and its two adjacent collinear nodes. These nodes
are used to define a corotational frame. The corotational formulation
subtracts the rigid body displacement from the general displacement
such that the difference in the displacements is small and the small dis-
placement assumption can be adopted in calculating the curvature and
inplane strain. This enhances both numerical stability and computa-
tional efficiency. However, the particle-based methods rely heavily on
particle arrangement. Under the small strain/curvature assumption,
the method of using transverse displacements in a corotational frame
to quantify thin plate bending energy [174, 178] was later extended by
Liu and Sze [111]. They constructed a biquadratic displacement interpo-
lation function for curvature evaluation by Eq.(1.30). This significantly
relaxed the nodal alignment requirements, allowing it to accommodate
nodal distributions consistent with bi-quadratic or 9-node quadrilateral
elements. Subsequently, Zhou and Sze [218] generalized this idea to
triangle-centered stencils. A quadratic displacement field was interpo-
lated via six nodes of a triangle-centered stencil and used to derive cur-
vature expressions. They proposed corresponding formulations for thin
plates and thin shells, validated their method using geometrically non-
linear benchmarks of thin shells [180], and applied their model on the
fabric drape simulation. Notably, both [111] and [218] yield constant
bending energy Hessians which is a favorable feature for nonlinear so-
lution procedures. Sze and Zhou [176] later integrated the rotation-free
triangle model [218] into an explicit time integrator with global adaptive
remeshing and a collision module, aiming at more general cloth simula-
tion applications. However, explicit integration suffers from instability
and unfortunately does not take advantage of the constant bending en-
ergy Hessian property. Additionally, global adaptive remeshing is sig-
nificantly more computationally expensive than local strategies in Arc-
sim [127], especially when coupled with small time steps required by
explicit schemes. And the collision handling scheme is similar to that
of Bridson et al. [20], which still struggles to guarantee penetration-free
cloth simulations. Sze and Liu [179] also attempted to simulate drape be-
havior using a stress-resultant bilinear solid-shell element with assumed
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natural transverse shear and thickness strains. However, under high
drapability conditions, this method often led to reversed nodal directors,
resulting in non-physical solutions. A quasi-engineering strain was in-
troduced as a remedy. Xie et al. [211] extended the bilinear solid-shell ele-
ments into a similar cloth simulation pipeline as in [176], and introduced
a reversible local adaptive meshing strategy for 4-node quadrilateral and
3-node triangular solid-shell finite elements. Lu and Zheng [113] pro-
posed a NURBS-based isogeometric shell model with only nodal dis-
placements as dofs, also employing explicit time integration and the con-
tact algorithm of [20]. However, the use of high-order basis functions
increases computational costs and complicates accurate contact detec-
tion. More recently, Shin and Lee [159] extended Lu and Zheng’s model
by incorporating discontinuous and bubble-type enrichment functions,
and demonstrated cloth simulation results that capture tearing behav-
ior. From observing the simulated appearances presented by these com-
putational mechanics researchers, it is fair to conclude that particle and
rotation-free plate/shell models [27, 174, 111, 218] yield more visually
pleasant results in cloth simulation compared to solid-shell and isogeo-
metric shell models [179, 113, 159]. Here, "rotation-free" refers to shell
formulations where nodal rotations are not involved.

For rotation-free plate/shell models, Oñate and his collaborators
have conducted a series of studies based on the FVM and triangular
meshes. Oñate and Zárate [130] first derived the basic plate triangle
model. In this model, using a triangle-centered stencil, the control vol-
ume is defined by the central triangle, and its curvature is computed
through a superposition of contributions from the triangle edges us-
ing the FVM. The displacement field within each triangle is assumed
to be linearly interpolated. This approach was later extended to a node-
centered stencil (see Figure 1.1) for evaluating the curvature of node-
centered control volumes and was further generalized to shell analysis,
resulting in the basic shell triangle model [134]. An improved version
of basic plate triangle model was subsequently proposed using an as-
sumed strain method with a six-node interpolation scheme [55]. These
computational models have been applied in various contexts, such as
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Figure 1.4: Draped cloth on a sphere fixed on the floor. The left image
shows the simulated result, while the right one presents the real-world
capture. A comparison reveals the presence of non-physical sharp folds
in the simulated cloth, also known as sharp creasing artifacts.

meta-forming [54] and fabric drape simulations [53]. Phaal and Calla-
dine [140, 141] developed a model based on an edge stencil, construct-
ing quadratic displacement interpolation functions to describe bending
deformation. However, since edge stencils cannot represent a complete
quadratic displacement field in two dimensions, the authors introduced
the triangle-centered stencil to construct a complete quadratic interpo-
lation. Their analysis, however, was limited to linear plate and linear
shell models. Other related approaches [154, 68], although not based on
FVM or polynomial interpolation, also utilized triangle-centered sten-
cils. These methods construct element stiffness matrices through cou-
pling side rotations at the edges of the central triangle with the curva-
ture of the central triangle. The side rotation refers to the motion of a
flap triangle rotating about the edge of the central triangle. However,
these works did not address drape/cloth simulation.

Computational membrane models

For membrane behavior, in particle and mass-spring models [27, 2, 174],
stretch and compression are typically modeled by line springs (akin to
bar elements), while membrane shear is represented through angular
changes between warp and weft directions. On triangular meshes, the
discrete shell model [66] measures local stretch via bar elements and
models membrane shear through area changes of triangles. However,
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this approach is not well-suited for modeling anisotropic materials. Con-
sequently, the most widely used membrane model is the constant strain
triangle (CST) element [26, 218, 127, 134]. Based on a triangle-centered
stencil, Flores and Oñate [55] introduced a six-node interpolation scheme
under the assumed strain approach. Similarly, Sze and Zhou [176] pre-
sented a six-node interpolated membrane model to mitigate the non-
physical sharp folds in cloth simulations. The non-physical sharp folds
are also referred to as sharp creasing artifacts [100], which is illustrated
in Figure 1.4 and will be further discussed in Chapter 4. In this the-
sis, the latter term will be adopted. The six-node interpolation functions
in [55] and [176] are both based on a triangle-centered stencil, and are
used for interpolating displacements and positions. Quaglino [148] pro-
posed a linear membrane triangle model to address the tendency of lin-
ear elements to underestimate intrinsic distances between vertices when
the surface undergoes bending. This underestimation often leads to an
overprediction of compressive stresses. The model was shown to deliver
quantitatively accurate results on geometrically nonlinear shell bench-
mark tests and qualitatively superior performance in cloth draping sce-
narios using coarse meshes. Nevertheless, a notable drawback is that the
method requires solving a buckling problem for each mesh edge, which
poses significant challenges for Newton-type solvers.

From the broader perspective of computational cloth modeling, there
is a growing consensus across both the computer graphics and computa-
tional mechanics communities that high-performance and high-fidelity
cloth simulation demands accurate and efficient computational models.
Accordingly, the cloth part of this thesis aims to develop such models
through discrete formulations that faithfully replicate smooth physical
behavior, achieving a careful balance between accuracy and efficiency
while ensuring numerical robustness.

1.2 Review on Origami Simulation

Origami, rooted in paper art, has long fascinated artists. In recent years,
however, it has also garnered increasing attention from engineers and
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researchers across various disciplines due to its geometrically inspired
structures and the resulting rich and multifunctional mechanical proper-
ties. These properties include, but are not limited to, negative Poisson’s
ratio [212], negative bending stiffness [204], bistability [47], and multi-
stability [196]. As a result, origami-based designs have found practical
applications in a wide range of fields, including reconfigurable aerospace
structures [57], soft robotics [153], mechanical metamaterials [79], biomed-
ical devices [97], electronic skins [5], etc.

Origami structures in three dimensions are typically formed by fold-
ing two-dimensional geometric configurations. These geometric forms
are closely tied to the crease pattern, which generally categorizes origami
structures into two types: straight-crease and curved-crease origami struc-
tures. Fundamental differences exist between the two. In curved-crease
origami structures, folding along a curved crease inevitably induces bend-
ing in the connected or adjacent panels, resulting in a significantly richer
deformation space. In contrast, for straight-crease origami structures,
the folding path is relatively deterministic once the type of fold (moun-
tain or valley) and the straight creases are specified. This is because each
straight crease involves only a single straight line connecting two ver-
tices. Nevertheless, straight-crease origami structures is still capable of
producing a wide variety of configurations, including those with com-
plex curvature [41]. This highlights the necessity of simulation tools for
the design and analysis of origami structures.

Generally, origami simulations can be divided into two categories:
kinematics-based origami simulation and mechanics-based origami sim-
ulation.

1.2.1 Computational Models for Kinematics-based Origami
Simulation

Early efforts to simulate origami folding can be traced back to the 1970s,
with kinematics-based methods being the primary approach [77]. In
kinematics-based simulations of straight-crease origami structures, a key



1.2. Review on Origami Simulation 21

assumption is that the panels remain rigid and undeformed through-
out the folding process. This means that the isometry constraint pre-
serves the rigidity of each planar panel. In these models, the struc-
ture is typically described using crease folding angles as variables, and
the amount of folding is determined by solving kinematic constraint
equations. Representative kinematics-based methods include reflection-
based [122], trigonometry-based [160, 196], and loop closure-based [181]
simulations. For curved-crease origami structures, the isometry con-
straint is also applied, as seen in approaches such as differential geome-
try [77, 123] and group orbit tessellation [106]. However, a major limita-
tion of these isometry-based approaches is that their underlying mathe-
matical formulations are difficult to extend to include physical constitu-
tive relations during the deformation process.

1.2.2 Computational Models for Mechanics-base Origami
Simulation

In mechanics-based simulations of origami systems, the isometry con-
straint on panels is relaxed, allowing for both in-plane and bending de-
formations of the panels. Burgoon et al. [23] manually predefined the
crease locations and dense meshes nearly the crease regions. Their simu-
lation was based on the discrete shell model [66], which treats the whole
origami structure, i.e. panels cum creases, as a continuous shell struc-
ture. Narain et al. [126] introduced adaptive mesh refinement to in-
crease resolution in regions of high curvature, thereby preserving the
small-stencil assumption for hinge bending. In DDG shells, the small-
stencil assumption allows the discrete geometry to better approximate
the smooth geometry, similar to how fine meshing improves accuracy
in finite element shell models. Combined with a plastic bending con-
stitutive model, this approach better captures the detailed geometry of
creases and wrinkles. Both methods treat the paper as a continuous
medium, even at the creases. Other related approaches include the com-
pliant crease or smooth fold models [137, 217, 219], which either use a
compliant strip to connect rigid panels or model the crease and panel
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as a continuous material with locally reduced stiffness near the crease.
These approaches fall outside the scope of this thesis.

This thesis focuses on a class of origami structures modeled as col-
lections of origami panels connected by hinges along crease (fold lines).
Mathematically, these origami structures can be locally viewed as a two-
dimensional discrete manifold [121]. A manifold is a space that, at each
point, locally resembles Euclidean space (e.g., a curve looks like a line,
a surface looks like a plane near any point). The geometric features of
this manifold are described by a set of (straight- or curved-) creases,
where sharp folding occurs. [121]. For this class of structures, Schenk
and Guest [157] were the first to employ the bar-hinge model to simu-
late straight-crease origami. In their formulation, bars constrain in-plane
deformation, while hinges capture the folding motion between discrete
origami panels. Explicit time integration was used for numerical simula-
tion. Using a similar approach, Dias et al. [39] investigated and analyzed
the geometric and mechanical behavior of curved-crease origami. Liu
and Paulino [108, 107] derived explicit expressions for the gradient and
Hessian of hinge angles, enabling quasi-static simulations of straight-
crease origami using the bar-hinge model. They also provide an origami
simulation framework, MERLIN2 [107]. Building on this framework,
Woodruff et al. [207] extended it to curved-crease origami structures by
introducing an edge-based hinge bending model that captures the bend-
ing deformation of origami panels. The bar-hinge model remains one of
the most widely cited frameworks for origami simulation, largely due
to its simplicity and efficiency. Note worthily, its underlying compu-
tational model is closely related to cloth simulation models of Bridson
et al. [19], thus inherits some of its limitations. For example, in the in-
plane bar model, it is difficult to calibrate elasticity parameters consis-
tently across different mesh topologies. In modeling the bending behav-
ior of panels for curved-crease origami, the edge-based hinge bending
model is highly mesh-dependent and struggles to converge reliably to
the ground-truth of smooth surface deformations.

Hu et al. [72] modeled the membrane deformation of origami pan-
els using 3-node and 4-node three-dimensional membrane elements in
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ABAQUS. While the element edges of these elements are straight, the
only admissible bending mode is the warping curvature in the 4-node
element. In this light, Hu et al. derived a simple analytical expres-
sion for the relevant bending energy. These finite element panels were
connected via hinges. Their formulation simplifies the gradient of the
hinge angle, which, while computationally efficient, results in conver-
gence issues in geometrically nonlinear analyses. Additionally, their
model is limited to capturing only the warping bending within indi-
vidual elements. Filipov et al. [52] modeled origami panels using S4
shell elements in ABAQUS, combined with rotational springs to simu-
late straight-crease origami structures. Wen et al. [206] modeled panels
with S4R shell elements and introduced joint-rotation connectors aligned
with fold directions to simulate curved-crease origami structures. In [72],
the authors also compared the performance of SC8R and S4R elements
in ABAQUS for simulating straight-crease origami structures. They ob-
served that S4R elements required significantly more iterations for con-
vergence. This behavior may be attributed to the nodal rotational dofs
of S4R.

Rabinovich et al. [150] proposed a discrete binary characterization
for folds between discrete developable surfaces, along with an algorithm
that enables simultaneous crease folding and smooth sheet bending. How-
ever, the isometry constraints inherent in this model hinder the incorpo-
ration of physical constitutive relations for smooth surface deformation.
Other ruling-based approaches [87, 165, 166, 184, 158] share similar lim-
itations.

The aforementioned origami structures are typically crafted from
thin sheets, often assumed to have negligible thickness. However, in
practical engineering applications, panel thickness may need to be con-
sidered, giving rise to the concept of thick origami [28]. For related sim-
ulations, Kwok [93] employed solid elements to model shell-like solids.
This approach often requires fine meshing through the thickness to avoid
locking issues.
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In summary, despite the diverse and complex nature of origami struc-
tures, current computational models remain limited and still offer sub-
stantial room for improvement. This thesis aims to enhance the accuracy
of bar-hinge model for curved-crease origami structures [107, 207], im-
prove both the efficiency and stability of the model in [72], and propose a
new approach for modeling shell-like solid origami panels. Specifically,
the solid-shell element is employed to model the origami panels and its
nodal directors are used to model folding/unfolding mechanism of the
crease.

1.3 Review of Shells and Shell-like Solids

1.3.1 Geometry and Elasticity in Thin Plates/Shells

A thin shell is considered under the Kirchhoff–Love (KL) assumption
which states that a straight line of material initially normal to the midsur-
face of the shell remains straight and normal to the deformed midsurface
of the shell. As a result, transverse shear deformation is neglected. De-
formation through the thickness is also neglected, so the shell maintains
a constant thickness h.

In a thin shell, the positions X and x of a point in the initial and
current configurations can be expressed as

X(r, s, t) = Xo(r, s) + tXn(r, s), x(r, s, t) = xo(r, s) + txn(r, s), (1.1)

where Xo and xo denote the positions of the midsurface in the initial
and current configurations, respectively; curvilinear coordinates r and
s parametrize the midsurface; t ∈ [−h/2, h/2] is the coordinate along
the thickness direction. Under the KL assumption, the directors Xn and
xn are normal to the midsurface, i.e.

Xn =
Xo,r × Xo,s

∥Xo,r × Xo,s∥
, xn =

xo,r × xo,s

∥xo,r × xo,s∥
. (1.2)
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In the current configuration, the metric tensor

g =

grr grs grt

gsr gss gst

gtr gts gtt

 =

x,r · x,r x,r · x,s x,r · x,t

x,s · x,r x,s · x,s x,s · x,t

x,t · x,r x,t · x,s x,t · x,t

 (1.3)

of point x(r, s, t) captures the local geometric deformation of the body.
Under the KL assumption, the metric components hold gtt = 1, grt =

gtr = 0, and grs = gsr = 0, while the in-plane components gαβ (with
α, β = r, s) tangentially to the midsurface are given by

gαβ = x,α · x,β = xo,α · xo,β + t
(
xo,α · xn,β + xn,α · xo,β

)
+ t2 xn,α · xn,β. (1.4)

Neglecting the higher-order term in t2, the metric simplifies to

gαβ = aαβ − 2t καβ, (1.5)

where aαβ = xo,α · xo,β is the first fundamental form (metric of the mid-
surface), and

καβ = −1
2
(
xo,α · xn,β + xn,α · xo,β

)
(1.6)

is the curvature (the second fundamental form). Due to the orthogonal-
ity between the director vector xn and the in-plane tangent vectors xo,α

and xo,β, we have
xn · xo,α = 0, xn · xo,β = 0. (1.7)

Taking partial derivatives of the expressions in Eq.(1.7) yields:

∂

∂α
(xn · xo,β) = xn,α · xo,β + xn · xo,βα = 0,

∂

∂β
(xn · xo,α) = xn,β · xo,α + xn · xo,αβ = 0.

(1.8)

Under the assumption of smoothness and symmetry of mixed partial
derivatives, it follows that

xn · xo,αβ = xn · xo,βα = −xo,α · xn,β = −xn,α · xo,β. (1.9)



26 Chapter 1. Introduction

Therefore, the curvature καβ can be equivalently written as

καβ = −1
2
(
xo,α · xn,β + xn,α · xo,β

)
= −xo,α · xn,β = −xn,α · xo,β

= xn · xo,αβ = xn · xo,βα.

(1.10)

In the initial configuration, the in-plane components of the metric tensor
G take the form

Gαβ = Aαβ − 2t Kαβ, (1.11)

where Aαβ and Kαβ denote the first fundamental form and the curvature
evaluated in the initial configuration, respectively.

The in-plane Green–Lagrange strain tensor in curvilinear coordi-
nates is

εαβ =
1
2
(

gαβ − Gαβ

)
=

1
2
(
aαβ − Aαβ

)
− t
(
καβ − Kαβ

)
. (1.12)

This expression allows the introduction of the membrane strain and cur-
vature change in curvilinear coordinates as

εmαβ =
1
2
(
aαβ − Aαβ

)
, εbαβ = −

(
καβ − Kαβ

)
. (1.13)

The material properties of a shell are typically defined in a local Carte-
sian frame (e.g., an X̃–Ỹ–Z̃ frame), where the X̃–Ỹ plane is tangent to the
initial midsurface and the Z̃-axis is parallel to the t-axis. In this setting,
the membrane and bending strains in the local Cartesian coordiantes can
be expressed as

εm =


εmX̃X̃

εmỸỸ

2εmX̃Ỹ

 = Tmb


εmrr

εmss

2εmrs

 , εb =


εbX̃X̃

εbỸỸ

2εbX̃Ỹ

 = Tmb


εbrr

εbss

2εbrs

 ,

(1.14)
where Tmb is the transformation matrix that maps strains from the curvi-
linear coordinates to the local Cartesian coordinates. Tmb is stated in the
Eq.(C.4).
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This thesis primarily focuses on computational models of the thin
shell and their comparison with discrete differential geometry (DDG)
shells. The main objective of DDG is to develop discrete geometric mod-
els that mirror the intrinsic structures of smooth geometry, not merely
as numerical approximations, but as mathematically coherent objects
that preserve key geometric properties of the continuous theory. DDG
shells are often characterized by a coordinate-free formulation of the dis-
crete first and second fundamental forms, and typically adopt the St.
Venant–Kirchhoff (StVK) material model for continuous shell model [66,
8, 59, 26]. The StVK model assumes the material is isotropic and ho-
mogeneous. For a fair comparasion, the StVK model is adopted for the
present computational models. Accordingly, the elastic energy Ψts of a
thin shell with StVK model can be expressed as

Ψts =
1
2

∫
Ω

∫ h
2

− h
2

(
Eν

1 − ν2 Tr2([εm + Z̃εb])

+
E

1 + ν
Tr
(
[εm + Z̃εb]

2
))

dZ̃ dΩ,
(1.15)

where E is the Young’s modulus, ν is the Poisson’s ratio, and Ω is the
total area of the midsurface in the initial configuration. [εm + Z̃εb] denote
the in-plane Green-Lagrangian strain in tensor format. Tr returns the
trace of a tensor. The continuous shell model in Eq.(1.15) can also be seen
as Koiter shell model. In matrix-vector format, Eq.(1.15) can be rewritten
as

Ψts =
1
2

∫
Ω

∫ h
2

− h
2

(εm + Z̃εb)
TDps(εm + Z̃εb)dZ̃ dΩ, (1.16)

where, the plane-stress material matrix Dps is

Dps =
E

1 − ν2

 1 ν 0
ν 1 0
0 0 1−ν

2

 . (1.17)

By integrating through the coordinate Z̃, the energy

Ψts = Ψm + Ψb =
h
2

∫
Ω

εT
mDpsεmdΩ +

h3

24

∫
Ω

εT
b DpsεbdΩ (1.18)
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of the thin shell can be decomposed into the membrane energy

Ψm =
1
2

∫
Ω

εT
mDmεmdΩ, (1.19)

and the bending energy

Ψb =
1
2

∫
Ω

εT
b DbεbdΩ =

1
2

∫
Ω
(κ − K)TDb(κ − K)dΩ, (1.20)

where Dm = hDps and Db = h3Dps/12 are respectively the membrane

and bending rigidity matrix. The vector K =
[
KX̃X̃ KỸỸ 2KX̃Ỹ

]T
repre-

sents the curvature in the initial configuration, while κ denotes its coun-
terpart in the current configuration. The bending deformation of the thin
shell can be measured by the curvature change of the midsurface from
the initial configuration to the current configuration. For a thin plate,
which has an initial flat state, the K vanishes.

For a thin plate deformed with small displacement, the midsurface
of the thin plate is assumed to lie in the X–Y plane of the global Cartesian
frame, and the displacement field is given by (U, V, W). The curvature
can then be expressed in terms of this displacement field. A point on
the midsurface of the plate in the initial and current configuration can be
expressed as

Xo = (Xo, Yo, Zo) = (X, Y, 0),

xo = (xo, yo, zo) = (X + U, Y + V, W).
(1.21)

By recalling Eq.(1.6), the curvature can be expressed as

κ =


κXX

κYY

2κXY

 =


xn · ∂2xo

∂X2

xn · ∂2xo
∂Y2

2xn · ∂2xo
∂X∂Y

 , (1.22)

where
xn =

(
∂xo

∂X
× ∂xo

∂Y

)
/
∥∥∥∥∂xo

∂X
× ∂xo

∂Y

∥∥∥∥ . (1.23)

The derivatives of the xo are

∂xo

∂X
= (1 +

∂U
∂X

,
∂V
∂X

,
∂W
∂X

),
∂xo

∂Y
= (

∂U
∂Y

, 1 +
∂V
∂Y

,
∂W
∂Y

), (1.24)
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and
∂2xo

∂X2 = (
∂2U
∂X2 ,

∂2V
∂X2 ,

∂2W
∂X2 ),

∂2xo

∂Y2 = (
∂2U
∂Y2 ,

∂2V
∂Y2 ,

∂2W
∂Y2 ),

∂2xo

∂X∂Y
= (

∂2U
∂X∂Y

,
∂2V

∂X∂Y
,

∂2W
∂X∂Y

).

(1.25)

The cross product between the tangents of the deformed midsurface
with the Eq.(1.24) is

∂xo

∂X
× ∂xo

∂Y
=

(
−∂W

∂X
+

∂V
∂X

∂W
∂Y

− ∂W
∂X

∂V
∂Y

,

−∂W
∂Y

+
∂W
∂X

∂U
∂Y

− ∂U
∂X

∂W
∂Y

,

1 +
∂U
∂X

+
∂V
∂Y

+
∂U
∂X

∂V
∂Y

− ∂V
∂X

∂U
∂Y

)
. (1.26)

Assuming that the in-plane deformation of the plate is nearly inextensi-
ble, the in-plane displacements U and V and their derivatives are close
to zero. Although the transverse displacement W is also small, it is typ-
ically larger than the in-plane displacements. The partial derivatives
∂W/∂X and ∂W/∂Y represent the rotations about the Y- and X-axes,
respectively. Under these assumptions, the norm of the cross product
between the tangents of the deformed midsurface becomes

∥∥∥∥∂xo

∂X
× ∂xo

∂Y

∥∥∥∥ ≃

√
1 +

(
−∂W

∂X

)2

+

(
−∂W

∂Y

)2

≃ 1, (1.27)

where ∂W/∂X2 and ∂W/∂Y2 are second-order small quantities. There-
fore, the unit normal vector xn defined in Eq. (1.23) can be approximated
as

xn ≃
(
−∂W

∂X
, −∂W

∂Y
, 1
)

. (1.28)

Substituting Eqs.(1.28) and (1.25) into Eq.(1.22), and neglecting third-
order and higher-order terms, the curvature vector κ can be expressed
purely in terms of the second derivatives of the transverse displacement
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W as

κ =


κXX

κYY

2κXY

 =


∂2W
∂X2

∂2W
∂Y2

2 ∂2W
∂X∂Y

 . (1.29)

Curvature describes the degree of bending of a curve or surface in the
vicinity of a given point. The method for measuring curvature discussed
above can be extended to more general surfaces. At any point on a sur-
face, a local Cartesian frame (X̃, Ỹ, Z̃) can be defined such that the X̃–Ỹ
plane is tangential to the surface. Let the displacement field relative to
this local frame be denoted by (Ũ, Ṽ, W̃). Then, the curvature at that
point can be defined as 

κX̃X̃

κỸỸ

2κX̃Ỹ

 =


∂2W̃
∂X̃2

∂2W̃
∂Ỹ2

2 ∂2W̃
∂X̃∂Ỹ

 . (1.30)

This approach to measuring curvature will be adopted in Chapter 3.

1.3.2 Geometry and Elasticity in Shell-like Solid

Compared to thin shells discussed in Section 1.3.1, shell-like solids re-
quire additional consideration of the stiffness and energy contributions
of the transverse shear and through-thickness strains. They arise in the
components of the metric tensors g involving the thickness direction, i.e.

gtr = x,t · x,r, gts = x,t · x,s, gtt = x,t · x,t. (1.31)

By invoking x = xo + txn in Eq.(1.1), the components in Eq.(1.31) can be
expressed as

gtr = xn · xo,r + t xn · xn,r,

gts = xn · xo,s + t xn · xn,s,

gtt = xn · xn.

(1.32)
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By neglecting the linear t terms in the transverse shear components and
invoking initial metric tensor components Gtr and Gts, one gets

γtr = 2εtr = gtr − Gtr = xn · xo,r − Xn · Xo,r,

γts = 2εts = gts − Gtt = xn · xo,s − Xn · Xo,s,
(1.33)

where (εtr, εts) are the Green–Lagrange transverse shear strain tensor
components in curvilinear coordinates and (γtr, γts) are their Voigt coun-
terparts. Similarly, the Green–Lagrange thickness strain in curvilinear
coordinates is

εtt =
1
2
(gtt − Gtt) =

1
2
(xn · xn − Xn · Xn) . (1.34)

It should be noted that, compared to the KL thin shell model, the shell-
like solid model relaxes the KL assumption, meaning that the current
director xn is no longer necessarily perpendicular to the midsurface. The
current midsurface position xo and current director xn are given by

xo = Xo + Uo, xn = Xn + Un, (1.35)

where Uo and Un represent the midsurface displacement and the director
displacement, respectively.

As the perpendicularity of Xn to Xo,r and Xo,s is assumed, the trans-
verse shear strain and thickness strain in the local Cartesian coordinates
X̃, Ỹ, Z̃ are

γ =

{
γZ̃X̃

γZ̃Ỹ

}
= Ts

{
γtr

γts

}
, ε Z̃Z̃ = Ttεtt, (1.36)

where Ts and Tt are defined in the Eq.(C.6) and Eq.(C.8), respectively.

By enforcing the plane-stress condition on the shell-like solid and
assuming that the bending, membrane, transverse shear, and thickness
energies are uncoupled, the membrane and bending energy contribu-
tions become identical to those in the thin shell. The transverse shear
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energy of the shell-like solid is

Ψs =
1
2

∫
Ω

∫ h
2

− h
2

γTDγγdZ̃ dΩ =
1
2

∫
Ω

γTDsγ dΩ, (1.37)

and the thickness energy of the shell-like solid is

Ψt =
1
2

∫
Ω

∫ h
2

− h
2

Dnε2
Z̃Z̃dZ̃ dΩ =

1
2

∫
Ω

Dtε
2
Z̃Z̃ dΩ. (1.38)

Here, Ds = hDγ is the shear rigidity matrix, and Dt = hDn is the thick-
ness rigidity.

Dγ =
5
6

G

[
1 0
0 1

]
and Dn = E (1.39)

describe the isotropic material behavior. By recalling the membrane en-
ergy Ψm in Eq.(1.19) and bending energy Ψb in Eq.(1.20), the total energy
Ψss of the shell-like solid can be expressed as

Ψss = Ψm + Ψb + Ψs + Ψt

=
1
2

∫
Ω
(εT

mDmεm + εT
b Dbεb + γTDsγ + Dtε

2
Z̃Z̃) dΩ.

(1.40)

The shell-like solid can be discretized and simulated by the solid-shell
elements. The relative contributions of these four energy terms depend
on the geometry and loading conditions. For cloth simulation, the ma-
terial is extremely thin (thickness-to-length ratio on the order of 10−3

to 10−4), so the Kirchhoff-Love (KL) shell assumption is often appropri-
ate; under this assumption, transverse shear and thickness strains are
kinematically constrained to zero. The dominant terms are therefore Ψm

and Ψb. At typical cloth simulation scales (length ≫ thickness), gravity-
driven draping generates significant in-plane deformation, so membrane
energy dominates over bending energy. For example, in the cloth-on-
sphere qualitative test of Section 3.4.2 (corotational smoothed hinge plate
model, 1 m × 1 m cloth), the energy partition gives Ψm ≈ 93.5%, Ψb ≈
6.5%. By contrast, in the geometrically nonlinear cantilever benchmark
of Section 3.4.1, the bending-dominated loading yields Ψb > 99.96%,
Ψm < 0.04%. For origami modelled with solid-shell elements, all four
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energy terms in Eq. (1.40) are present in the formulation. To validate the
solid-shell element itself, the geometrically nonlinear cantilever bench-
mark of Section 5.3.1 is also employed: the bending-dominated defor-
mation yields Ψb ≈ 99.98%, Ψm ≈ 0.004%, Ψs ≈ 0.008%, Ψt ≈ 0.003%.
In the curved-crease folding simulation of Section 5.3.2, the energy par-
tition shifts with the fold angle, from Ψb ≈ 98.5%, Ψm ≈ 0.03%, Ψs ≈
0.5%, Ψc ≈ 1.0% at W ≈ −0.09 m to Ψb ≈ 80.7%, Ψm ≈ 18.6%, Ψs ≈
0.3%, Ψc ≈ 0.4% at the maximum prescribed transverse displacement
(W = −3.5 m), reflecting the onset of non-isometric panel stretching as
the crease fold angle increases.

1.3.3 Lockings and Their Remedies for Solid-shell Ele-
ments

Solid-shell elements have been extensively studied in the computational
mechanics community since the late 1980s [1]. Unlike conventional fi-
nite shell elements like degenerated-shell elements, solid-shell elements
do not have nodal rotational degrees of freedom. They were initially
developed with the goal of enabling three-dimensional solid elements
to handle plate and shell analyses. They can also avoid the complexity
of updating the nodal rotations in geometric nonlinear analyses [171].
It was also shown in numerical tests that they can tolerate larger pre-
scribed load or displacement increments [135, 88] without divergence
in the nonlinear solution procedure than the shell elements with rota-
tion dofs. Compared to the discrete differential geometry/rotation-free
thin shells [66, 65, 134, 26, 103], 3D constitutive models can be directly
adopted in the solid-shell elements [12, 71].

This thesis aims to utilize solid-shell elements to accurately capture
the behavior of origami structures whose creases and/or panels become
curved during the folding process. To achieve this, various locking is-
sues, including membrane, shear, trapezoidal, thickness, and volumetric
locking [170] should be addressed. Locking is a numerical issue where
a structure becomes excessively stiff with respect to its real or physical
flexibility. The numerical issue might be caused by poor geometric dis-
cretizations, unsuitable interpolation functions, excessive constraints, or
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oversampling of strain fields.

Shear and membrane locking are common issues in both solid-shell
and degenerated-shell elements, causing more rigid behavier when the
shell is thinner. Shear locking is caused by the coupling between the rel-
ative in-plane translation of the top and bottom shell surfaces and the
transverse translation of the midsurface in the transverse shear strain.
Membrane locking is caused by the coupling between the relative in-
plane translation of the top and bottom surfaces and the in-plane trans-
lation of the midsurface in the membrane strain. These locking effects
are linked to parasitic shear and membrane strains. The parasitic strains
do not contribute to actual deformation, yet they still affect the element
stiffness. For example, in bending-dominated problems, these parasitic
strains may introduce artificial stiffness to the bending deformation. Pos-
sible remedies including the penalty scaling method [172], reduced inte-
gration [220], hybrid-stress [143, 177], hybrid-strain [7], the assumed nat-
ural strain (ANS) method [118] and the enhanced assumed strain (EAS)
method [161]. The penalty scaling method weakly enforces certain con-
straints by introducing a scaled penalty term, helping to avoid excessive
stiffness. Reduced integration lowers the number of integration points in
order to reduce over-constraint and alleviate locking. The hybrid-stress
method assumes independent stress fields in the variational formulation,
improving flexibility and reducing locking. The hybrid-strain method,
on the other hand, assumes independent strain fields to enhance strain
approximation. The ANS method alleviates shear and membrane lock-
ing by sampling strains at locations where they are more accurately rep-
resented and interpolating them back to the element domain. Lastly, the
EAS method enriches the strain field with additional assumed modes
independent of the displacement field, thereby enhancing the element’s
ability to represent deformation and effectively alleviating locking.

Trapezoidal locking occurs when low-order solid shell elements are
applied to simulate curved shell structures; its name derives from the
trapezoidal shape of the element cross-section (see Figure 1.5). The thick-
ness strain is the parasitic strain responsible for this locking, and it is
typically corrected using the ANS method by interpolating the thickness
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Figure 1.5: Trapezoidal cross-sections are commonly observed in low-
order solid-shell elements (e.g., bilinear quadrilaterals and linear trian-
gles) used for curved shell modeling. Adapted from [170].

strain sample at nodes [175].

Thickness locking occurs in elements in which the thickness strain
does not vary along the thickness direction, and is caused by the cou-
pling between the thickness stress and in-plane strains, induced by Pois-
son’s ratio in the constitutive matrix. When an element is subjected to
pure bending, it incorrectly predicts a plane strain state instead of the
actual plane stress state. This locking defect can be resolved when Pois-
son’s ratio is assumed to be zero. Other successful mitigation methods
include the plane stress enforcement [135, 88], hybrid-stress [175], and
the EAS method [70].

Volumetric locking (also known as dilatational locking or incom-
pressibility locking) is caused by the near-incompressibility of the mate-
rial, such as in rubber-like materials and metals undergoing plastic flow.
For incompressible, homogeneous, isotropic materials (where Poisson’s
ratio equals 0.5), the condition of zero dilatational strain is numerically
enforced by using a large material bulk modulus. The methods to miti-
gate dilatational locking include reduced integration [40], mixed/hybrid
formulations [142], and the EAS method [161]. Furthermore, when thick-
ness locking is eliminated by enforcing a plane stress condition, volu-
metric locking does not exist as the enforced condition allows free ex-
pansion/contraction in the thickness direction, thereby always accom-
modating the material’s incompressibility.

For shell-like solids under flexural loadings, the plane-stress condi-
tion occurs naturally, which helps to alleviate thickness and volumet-
ric locking. In the thesis, both bilinear and biquadratic interpolation
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schemes are adopted in solid-shell elements. The ANS method is em-
ployed to alleviate membrane, shear, and trapezoidal lockings. ANS
mitigates excessive constraints by sampling and interpolating the po-
tentially parasitic strain components at judiciously selected points and,
mostly, boundary points. In bilinear solid-shell elements which are pre-
liminary flat, membrane locking is rarely encountered and thus can be
ignored.

1.4 The Objective and Organization of the The-
sis

This thesis is motivated by supporting flexible choices across different
application scenarios in cloth and origami simulations, with contribu-
tions centered on the development of a series of computational models.
Each model is evaluated through both quantitative and qualitative tests.
To clarify these contributions, the thesis is organized into six chapters:

Chapter 1 introduces the background and objectives of the thesis.
It reviews existing works on cloth and origami simulations, with a par-
ticular emphasis on computational models, and outlines the scope and
structure of the thesis.

Chapter 2 considers the hinge model based on the edge stencil. A
hinge-bending model for cloth simulation is devised by fitting a cylin-
drical surface to an edge stencil and the discrete curvature of the surface
is expressed in terms of the hinge angle which is obtained from the alti-
tude vectors of two adjacent triangle facets. The gradient and Hessian of
the hinge angle are derived analytically and expressed in concise forms.
A hinge-folding model is also devised for the folding and unfolding sim-
ulation of straight- and curved-crease origami structures. The elastic en-
ergy involved in folding and unfolding the hinge is stored in the hinge.
The efficacy of the models are illustrated by applying them to commonly
studied examples.

Chapter 3 presents six thin plate/shell models, derived from three
distinct types of curvature operators formulated using the corotational
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frame, for simulating both initially flat and curved triangular meshes.
Each curvature operator corresponds to the discrete curvature in both
the plate and shell models. The corotational edge-based hinge model
uses an edge stencil to compute directional curvature. On the other
hand, the corotational FVM hinge model utilizes a triangle-centered sten-
cil and applies the FVM to superposition directional curvatures across
edges of the central triangle to yield the generalized curvature. The coro-
tational smoothed hinge model also employs a triangle-centered stencil
but transforms directional curvatures into a generalized curvature based
on a quadratic surface fit. All models assume small strain and small
curvature, leading to constant bending energy Hessians, which bene-
fit implicit integrators. Through quantitative benchmarks and qualita-
tive elastodynamic simulations with large time steps, the accuracy, ef-
ficiency, and stability of these models are demonstrated. These models
give the potential for fast cloth simulation and beyond. This chapter
is primarily based on the work reported in “Qixin Liang, Corotational
hinge-based thin plates/shells, Computer Graphics Forum (Proc. Euro-
graphics 2025), May 2025”.

Chapter 4 presents a smoothed hinge membrane model for cloth
simulation. This model founds on a triangle-centered stencil with quadr-
atic interpolated positions and samples membrane strains at the mid-
points of the central triangle. This model mitigates sharp creasing ar-
tifacts commonly observed in cloth simulations using traditional CST-
based membrane models. Both quantitative and qualitative results demon-
strate its effectiveness. This model enriches the family of computational
models for realistic cloth simulation. This chapter is primarily based
on the work reported in “Qixin Liang, Smoothed-hinge model for cloth
simulation, ACM SIGGRAPH/Eurographics Symposium on Computer
Animation, August 2024”. Additional experiments and discussions have
been included to extend the original publication.

Chapter 5 presents a novel computational model for modeling and
simulating origami structures. In this framework, bilinear and biquadratic
solid-shell elements are employed to model the origami panels while
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crease folding is considered through the angle between the director vec-
tors of the adjacent panels. The director vector is the vector normal to the
midsurface before displacement/deformation. The ANS method is em-
ployed to mitigate locking issues in the solid-shell element. The compu-
tational origami simulations featuring both straight- and curved-creases
are conducted to validate the effectiveness of this novel model. The ac-
curacy and efficacy of the model are demonstrated through quantitative
and qualitative analyses. This approach provides an effective framework
for the design and analysis of origami structures. This chapter is primar-
ily based on the work reported in “Qixin Liang, Modeling and simu-
lating origami structures using bilinear solid-shell element, Proc. SIG-
GRAPH Asia 2025 Technical Communications, December 2025”. Ad-
ditional experiments and discussions have been included to extend the
original publication.

Chapter 6 summarizes the thesis and provides recommendations for
future research directions.
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Chapter 2

Hinge Models for Cloth and
Origami Simulations

2.1 Introduction

This chapter discusses hinge models based on edge stencils extracted
from piecewise linear triangular meshes. Each edge stencil consists of
two adjacent triangular facets sharing a common edge. The simplic-
ity of hinge models has led to their widespread use across various do-
mains, including early applications in cloth simulation [2, 19, 66, 193],
and later in engineering contexts such as origami simulation [107, 108,
157]. These models are increasingly adopted for simulating various thin
flexible structures [75]. Extensive research has been conducted to en-
hance their accuracy, efficiency, and robustness for different application
scenarios. This chapter presents the following developments:

• Hinge-bending model: The directional curvature in the hinge bend-
ing model for cloth simulation is computed by fitting an edge sten-
cil to a cylindrical surface. Moreover, a concise analytical formu-
lation for the gradient and Hessian of the hinge angle is derived
using the altitude vectors of the triangular facets. This approach
avoids the complexities associated with normal vector to the trian-
gular facet.

• Hinge-folding model: Without fitting the cylindrical surface, the
hinge along the common edge of two (flat) facets is the natural
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Figure 2.1: A schematic diagram of an edge stencil fitted onto a cylin-
drical surface. The left-hand figure shows an edge stencil formed by two
adjacent triangles, TABC and TBAD, with their common edge AB aligned
with the generatrix of a cylindrical surface. The directional curvature
orthogonal to the common edge of the surface is κd, lAB and larc are the
lengths of the generatrix and the circular arc, respectively; hC and hD are
triangle heights. The angle subtended by the arc at the axis of the cylin-
drical surface is 2θ, whereas the hinge angle is θ. The right-hand figure
shows the view along the direction of edge AB. In the derivation of the
bending model, the hinge angle is assumed to be small to ensure the va-
lidity of geometric approximations.

choice for the folding and unfolding simulation of origami struc-
tures. The afore-derived gradient and Hessian of the hinge angle
does not assume the isometry of the facets. They improve the con-
vergence of the finite element based simulation presented in [72].

• The accuracy of the hinge-bending model with respect to other
models in the open literature will be demonstrated through a lin-
ear plate bending and geometrically nonlinear cantilever tests. The
hinge-bending model also improves the accuracy of the widely
used origami simulation tool, MERLIN2 [107, 207], which models
bending deformation with the panel using a hinge-based approach.
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2.2 Hinge Model

2.2.1 Hinge-bending Model

The hinge-bending model is built upon an edge stencil comprising two
triangular facets with a common edge. In this stencil, both triangular
facets are flat, and the common edge is straight. Consequently, there is
no curvature along the direction of the common edge and but only in the
direction orthogonal to it. Accordingly, this discrete geometric structure
(edge stencil) can serve as an approximation of a smooth geometry (a
cylindrical surface). The cylindrical surface is featured by a circular arc
of radius 1/κd and arc length larc, as well as a generatrix of length lAB (see
Figure 2.1). The cylindrical surface has zero curvature along the gener-
atrix direction and a nonzero directional curvature κd in the orthogonal
direction. In hinge-bending models, the values 0 and κd are taken to be
the principal curvatures of the curvature tensor. Assuming the hinge an-
gle is small, the directional curvature κd of the cylindrical surface can be
approximated from the geometric relation:

larclAB = 2θ · 1
κd

· lAB ≃ (hC + hD)lAB, (2.1)

which leads to
κd ≃ 2θ

hC + hD
. (2.2)

Here, θ is the hinge angle in the current configuration. Under the small
strain assumption (quasi-isometric assumption), the edge lengths and
heights remain nearly unchanged between initial and current config-
urations. The heights in the initial configuration can be computed as
hC = ∥XPC∥ and hD = ∥XQD∥, where X denoted the initial position
vector, corresponding to the heights of triangles TABC and TBAD (see Fig-
ure 2.1), respectively.

The bending energy associated with an edge stencil, expressed in
terms of the directional (principal) curvatures, is

Ψs
b =

1
2

AEkb(ε
H
b )

2, (2.3)
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where kb = Eh3/(12(1 − ν2)) is the bending rigidity. The curvature
change

εH
b = κd − Kd (2.4)

is the difference of directional curvature in the current and initial con-
figurations. Superscript "H" denotes the hinge-bending model. Kd is the
counterpart of κd, i.e.

Kd ≃ 2Θ
hC + hD

, (2.5)

where Θ is the hinge angle in the initial configuration. The integration
area of the edge stencil is given by

AE =
(hC + hD)lAB

2
, (2.6)

where lAB = ∥XAB∥. The integration area approximates the area of the
smooth geometry enclosed by the geodesics AC, AD, BC, and BD on
the cylindrical surface. Substituting Eqs.(2.2) and (2.4)-(2.6) into Eq.(2.3)
with the expression of integration area, the bending energy becomes

Ψs
b = kb

lAB

hC + hD
(θ − Θ)2. (2.7)

For a general shell mid-surface discretized into a triangular mesh,
the total bending energy Ψb can be obtained by summing the bending
energy contributions from the interior edge stencils, which are counted
by all edges excluding boundary edges, i.e.

Ψb = ∑ Ψs
b. (2.8)

2.2.2 Hinge-folding Model

In simulating the folding and unfolding of origami structures, the prac-
tice of fitting a curved surface over each edge stencil is not necessary.
The folding and unfolding are often considered by the elastic energy of
the crease, i.e.

Ψs
f =

1
2

k f lAB(θ − Θ)2, (2.9)
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where k f is the folding stiffness per unit length of the crease.

2.2.3 Gradient and Hessian of the Bending/Folding En-
ergy

The bending energy and folding energy designated by respectively sub-
scripts “b” and “ f ” in Eq.(2.7) and Eq.(2.9) can be expressed in the fol-
lowing format:

Ψs
J =

1
2

DJ(θ − Θ)2, (2.10)

where Db = 2kblAB/(hC + hD) and D f = k f lAB.

The gradient and Hessian of the bending/folding energy are essen-
tial for implicit simulation. The gradient of the energy with respect to
the current nodal positions is

∂Ψs
J

∂xs = DJ(θ − Θ)
∂θ

∂xs , (2.11)

and the corresponding Hessian takes the form

∂2Ψs
J

∂xs∂(xs)T = DJ
∂θ

∂xs
∂θ

∂(xs)T + DJ(θ − Θ)
∂2θ

∂xs∂(xs)T . (2.12)

Here, xs =
[
xT

A xT
B xT

C xT
D

]T
collects the current position vectors of

nodes A, B, C, and D.

Hence, one needs to derive the gradient and Hessian of the hinge
angle θ for those of Ψs

J .

2.2.4 Gradient and Hessian of the Hinge Angle

Before deriving the gradient and Hessian of the hinge angle θ, the angle
can be first computed from

pq cos θ = −p · q, (2.13)

where p = ∥p∥ and q = ∥q∥. Moreover, p = xPC and q = xQD (see
Figure 2.2) are respectively the altitude vectors of TABC and TBAD, and



44 Chapter 2. Hinge Models for Cloth and Origami Simulations

BC

D

Q

P

A

p

qsC sD

Figure 2.2: Schematic illustration of p, q, sC, and sD.

they can be expressed as

p = xAC − sCxAB, q = xAD − sDxAB. (2.14)

Here the non-dimensional coordinates sC and sD (see Figure 2.2)
along the unit vector s = xAB/∥xAB∥ are

sC =
xAC · xAB

∥xAB∥2 , sD =
xAD · xAB

∥xAB∥2 . (2.15)

They are the ratios of the projections of edges xAC and xAD onto edge
xAB, relative to the length of xAB.

The following standard relations for any vectors a, b and c, which
will be used, are listed

∂

∂c
(a · b) =

∂aT

∂c
b +

∂bT

∂c
a (2.14a)

∂|a|
∂c

=
∂aT

∂c
a
|a| (2.14b)

a × b =

 0 −a3 a2

a3 0 −a1

−a2 a1 0

 b = [a]×b (2.14c)

∂

∂cT (a × b) = [a]×
∂b
∂cT − [b]×

∂a
∂cT (2.14d)

a × (b × c) = (a · c)b − (a · b)c (2.14e)

a(a × b)T − (a × b)aT = (a · a)[b]× − (a · b)[a]×, (2.14f)
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where the skew symmetric matrix [a]× for vector a is self-defined.

By differentiating Eq.(2.13) with respect to xe and applying Eq.(2.14b),
the gradient of the fold angle is computed as

∂θ

∂xs = −∂pT

∂xs
(p · q)p − p2q

p3q sin θ
− ∂qT

∂xs
(p · q)q − q2p

pq3 sin θ
. (2.17)

Here, ∂pT/∂xs and ∂qT/∂xs are the gradients of the triangle altitude vec-
tors p and q, respectively. To compute these gradients, it is necessary to
invoke the gradients of the non-dimensional variables sC and sD

∂sC

∂xA
= −p + (1 − sC) xAB

x2
AB

,
∂sC

∂xB
=

p − sCxAB

x2
AB

,

∂sC

∂xC
=

xAB

x2
AB

,
∂sC

∂xD
= 0,

∂sD

∂xA
= −q + (1 − sD) xAB

x2
AB

,
∂sD

∂xB
=

q − sDxAB

x2
AB

,

∂sD

∂xC
= 0,

∂sD

∂xD
=

xAB

x2
AB

,

(2.18)

and the gradient of the unit vector s

∂s
∂xT

A
=

−1
∥xAB∥

(
I − ssT

)
,

∂s
∂xT

B
=

1
∥xAB∥

(
I − ssT

)
,

∂s
∂xT

C
= 0,

∂s
∂xT

D
= 0

(2.19)
in which I is the third order identity matrix and 0 is either a zero matrix
or vector. Consequently, the components of the gradients of the triangle
height vectors p and q can be expressed as

∂pT

∂xA
= − (1 − sC)

(
I − ssT

)
+

psT

∥xAB∥
,

∂pT

∂xB
= −sC

(
I − ssT

)
− psT

∥xAB∥
,

∂pT

∂xC
= I − ssT,

∂pT

∂xD
= 0,

(2.20)



46 Chapter 2. Hinge Models for Cloth and Origami Simulations

and

∂qT

∂xA
= − (1 − sD)

(
I − ssT

)
+

qsT

∥xAB∥
,

∂qT

∂xB
= −sD

(
I − ssT

)
− qsT

∥xAB∥
,

∂qT

∂xC
= 0,

∂qT

∂xD
= I − ssT.

(2.21)

By invoking Eq.(2.14e) and the geometric relation

p × q = (pqsinθ)s, (2.22)

Eq.(2.17) becomes

∂θ

∂xs =
∂pT

∂xs
s × p

p2 +
∂qT

∂xs
q × s

q2 . (2.23)

From the above relationships, along with Eqs.(2.20) and (2.21), the rele-
vant components of the gradient of the fold angle can be computed as

∂θ

∂xC
=

s × p
p2 ,

∂θ

∂xD
=

q × s
q2

∂θ

∂xA
= − (1 − sC)

∂θ

∂xC
− (1 − sD)

∂θ

∂xD
,

∂θ

∂xB
= −sC

∂θ

∂xC
− sD

∂θ

∂xD
.

(2.22a-d)

Before deriving the Hessian of the fold angle, the notation θI =

∂θ/∂xI and θI J = ∂θT
I /∂xJ is introduced. Furthermore, the following

expressions

pθT
C − θCpT = [s]×, −p2sθT

C + p2θCsT = [p]×,

qθT
D − θDqT = [s]×, −q2sθT

D + q2θDsT = [q]×.
(2.23a-d)

are obtained by taking (a, b) in Eq.(2.14f) to be (p, s), (s, p), (q, s) and
(s, q), and then simplifying them with orthogonality relations

s ⊥ θC, θC ⊥ p, s ⊥ θD, θD ⊥ q. (2.24)
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By invoking Eq.(2.14d) and Eq.(2.24), the derivatives of Eq.(2.22a, b) with
respect to xJ are

p2θCJ = [p]×
∂s

∂xT
J
−
(
[s]× + 2θCpT

) ∂p
∂xT

J

= p2
(

θCsT − sθT
C

) ∂s
∂xT

J
−
(

θCpT + pθT
C

) ∂p
∂xT

J
,

q2θDJ = [q]×
∂s

∂xT
J
−
(
[s]× + 2θDqT

) ∂q
∂xT

J

= q2
(

θDsT − sθT
D

) ∂s
∂xT

J
−
(

θDqT + qθT
D

) ∂q
∂xT

J
.

(2.25)

For different J, the following results can be obtained by recalling Eq.(2.19-
2.21) and (2.24):

θCC = − 1
p2 MCp, θCA =

1 − sC

p2 MCp +
1

|xAB|
sθT

C,

θCB =
sC

p2 MCp −
1

|xAB|
sθT

C, θCD = 0, θDD =
−1
q2 MDq,

θDA =
1 − sD

q2 MDq +
1

|xAB|
sθT

D, θDB =
sD

q2 MDq −
1

|xAB|
sθT

D,

(2.26a-g)

where
MJa = θJaT + a (θJ)

T (2.27)

for J = C, D and a = p, q, s. Further to Eq.(2.25), derivatives of Eq.(2.22c,
d) with respect to xJ are

θAJ = − (1 − sC) θCJ − (1 − sD) θDJ + θC
∂sC

∂xT
J
+ θD

∂sD

∂xT
J

,

θBJ = −sCθCJ − sDθDJ − θC
∂sC

∂xT
J
− θD

∂sD

∂xT
J

.
(2.28)
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For different J, the following results can be obtained by invoking Eq.(2.18)
and Eq.(2.23a-d):

θAA = − (1 − sC)
2

p2 MCp −
(1 − sD)

2

q2 MDq −
1 − sC

∥xAB∥
MCs

−1 − sD

∥xAB∥
MDs −

1
∥xAB∥2

(
θCpT + θDqT

)
,

θBB = −
s2

C
p2 MCp −

s2
D

q2 MDq +
sC

∥xAB∥
MCs +

sD

∥xAB∥
MDs

− 1
∥xAB∥2

(
θCpT + θDqT

)
θAB = − sC (1 − sC)

p2 MCp −
sD (1 − sD)

q2 MDq +
1

∥xAB∥
s
(

θT
C + θT

D

)
− sC

∥xAB∥
MCs −

sD

∥xAB∥
MDs +

1
∥xAB∥2

(
θCpT + θDqT

)
.

(2.29a-c)
There are ten θI Js in Eq.(2.26a-g) and (2.29a-c). The remaining six θI Js
can be obtained by symmetry, i.e. θJ I = θT

I J . By taking the difference
Eq.(2.23a) and (2.23c), the term (θCpT − θDqT) in θAA and θBB is sym-
metric. Thus, the symmetry of θBB and θCC follow.

More derivation details can be found in Appendix A.

2.3 Numerical Tests

This section starts with four quantitative tests evaluating the accuracy
and efficiency of the present formulation, followed by two qualitative
tests demonstrating its robustness. All quantities are expressed in SI.

2.3.1 Quantitative Tests

Linear plate bending benchmark test

Here, a linear small-deflection plate bending problem [103] is employed
to examine the convergence behaviour of the hinge-bending model un-
der mesh refinement (see Figure 2.3). A square plate with edge length
a = 8 is simply-supported along its entire boundary and subjected to a
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Figure 2.3: A comparative study on the convergence behavior of a
simply-supported square plate under a small uniform transverse load.
The vertical axis shows the computed maximum deflection normalized
by the linear analytical solution. As the number of nodes increases, the
present hinge-bending model converges to the analytical solution, while
other models deviate noticeably.

uniform transverse force of magnitude B = 9.81 per unit area. The prob-
lem parameters include E = 2 × 1011, ν = 0.3, and h = 0.01. The ana-
lytical solution for the maximum deflection is given by 0.048744Ba4(1 −
ν2)/(Eh3) [188]. Figure 2.3 shows that the hinge-bending model con-
verges to the analytical solution as the number of nodes increases.

It is worth noting that the hinge-bending energy of Grinspun et
al. [66] is three times higher than in the present formulation. In contrast,
the bending model proposed by Bridson et al. [19] yields an energy that
is one quarter of the present one. Their model uses sin θ, which is close to
θ in the small-curvature regime to evaluate the bending energy. On the
other hand, the bending energy in the model of Woodruff et al. [207] is
twice that of the present one. The comparison of different hinge-bending
energy formulations with the present one can be found in Appendix G.
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Figure 2.4: Geometric nonlinear cantilever test. The left-hand side
figure shows a cantilever strip clamped at one end. The initially flat
strip deforms under its own weight into an equilibrium configuration
with an aspect ratio H/W. In this subfigure, the bending rigidity is
kb = 7.1442 × 10−2, corresponding to the rightmost data point in the
right-hand figure. The horizontal axis of the right-hand figure repre-
sents the dimensionless gravito-bending parameter, ρgL3/kb. A total of
50 fabrics with identical geometry and mesh but varying bending rigid-
ity are considered. From left to right, the bending rigidity decreases. The
reference curve is extracted from Romero et al. [152].

Geometric nonlinear cantilever test

In this test, a one-end clamped strip of width 0.03, overall length 0.12
and free-hanging length (L) 0.09 is considered. The mesh employed by
Feng et al. [48] with 800 active nodes, X > 0, and 287 inactive/clamped
nodes, X ≤ 0, are adopted. Following [48], the strip area density (mass
per unit area) ρ and the acceleration due to gravity g are taken to be
0.1 and 9.8, respectively. On the other hand, the bending stiffness kb

ranges from 7.1442 × 10−6 to 7.1442 × 10−2. The reference solution is
obtained by solving the equilibrium equation of the geometric nonlin-
ear cantilever beam numerically [152]. The relation between the aspect
ratio H/W of the deformed strip at equilibrium and the dimensionless
gravito-bending parameter ρgL3/kb is plotted in Figure 2.4. In the di-
mensionless parameter, ρ is the product of the material density and the
strip thickness. Simulated results of the present model are very close to
the reference solution. In contrast, the methods proposed by Grinspun
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Figure 2.5: The bottom left image shows a 45◦ annular sector with radii
100 ± 5 and the middle arc in red. The annular sector is extracted from
the cone in the top image. The bottom right image illustrates the folded
state of the annular sector, which is a curved-crease origami structure
with a fold angle of ϕ.

et al. [66], Bridson et al. [19], and Woodruff et al. [207] exhibit noticeable
deviations from the reference. Noteworthily, Romero et al. [152] con-
ducted tests on one-end clamped strips made of different materials. The
measured results agree well with the afore-used reference solution.

Folding the annular sector into two cone surfaces

Following [207], an annular sector is cut from a cone, flattened into a
planar sheet, and then folded along the curved crease to form a curved-
crease structure (see Figure 2.5). Folding the initially flat sheet along a
curved crease involves bending the developable cone surfaces during the
motion. Under the isometric assumption, the theoretical bending energy
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of the annular region on the right cone surface can be computed as

Ψannular =
1
2

∫
Ω

kbκ2
p dΩ, (2.24)

where kb = Eh3/12(1 − ν2) is the bending stiffness of an isotropic shell,
Ω is the area of the annular sector, and the principal curvature κp is

κp =
1

tan(ϕ/2)
√

1 + tan2(ϕ/2)d
, (2.25)

where d is the distance from the apex of the cone measured along its
height, and ϕ/2 is half of the cone’s apex angle (see Figure 2.5). Fol-
lowing [207], when the fold angle of the curved-crease structure is also
ϕ = 90◦, the resulting folded shape becomes an exact segment of a cone.

In the simulation, the present hinge-bending model is incorporated
into MERLIN2 [207, 107], which is a popular open-sourced bar-hinge
code. Woodruff et al. [207] previously evaluated the convergence behav-
ior of their model under mesh refinement. Based on their study, dividing
the fold line into 50 segments leads to close to convergent predictions.
The grey lines in the bottom images of Figure 2.5 indicate the distribu-
tion of bending hinges. The geometric and material parameters follow
those in [207]. The geometry consists of a 45◦ annular sector with radii
0.1 ± 0.005 and the middle arc shown in red (see bottom left image in
Figure 2.5). The material properties are E = 4 × 109, ν = 0, and h = 0.1.
To satisfy the condition for the fold angle equal to 90◦, the following
boundary conditions are applied: the displacements in the X-, Y-, and
Z-displacements are fixed at point A; the Y- and Z-displacements are
fixed at point B; and the Z-displacements of the inner and outer rings
are fixed. A vertical displacement of magnitude 0.005/

√
2 is applied to

the middle arc in the Z-direction.

The theoretical solution for the stored energy in the resulting right
cone is 6.39 × 10−6. The present hinge-bending model yields a result of
6.12 × 10−6 which is far much more accurate than 12 × 10−6 predicted
by Woodruff et al.’s model.
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Figure 2.6: The schematic geometries and boundary conditions of six
different straight-crease origami structures from [72].

Table 2.1: Comparison of the number of load increments between Hu
et al. [72] and the present hinge-folding model. In the “Cases” col-
umn, entries without parentheses denote origami panels modeled using
M3D4/M3D3 elements together with their developed corotational Q4
bending element.

Cases Hu et al. Ours
Elastic Hinge (SC8R) 31 31
Elastic Hinge (SC8R side) 44 31
Elastic Hinge (S4R) 674 674
Elastic Hinge 22 22
Pop-up Kirigami using rest angle
loading

12 12

Pop-up Kirigami using displacement
loading

18 12

Crane using rest angle loading 11 11
Crane using displacement loading 8 8
Compressing Miura-ori 12 12
Compressing the derived Kirigami 17 17
Pinching Miura-ori 9 9
Pinching the derived Kirigami 9 8
Kresling tube under compression 11 11
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1

Figure 2.7: The origami panels are modeled using SC8R elements, where
A1, A2, A3, and A4 are the four nodes of an edge stencil. The difference
between the left and right images lies in the stencil position; the config-
uration shown on the right is referred to as “SC8R side” in Table 2.1.

Origami simulation in ABAQUS

In this test, the hinge-folding model is implemented in an ABAQUS UEL
subroutine, and the origami simulations attempted by Hu et al. [72] are
rerun to demonstrate the efficiency of the present hinge-folding model.
Simulation details follow [72]: the material adopts paperboard proper-
ties E = 3 × 109, ν = 0.3, h = 0.27 × 10−3, and a fold stiffness per unit
crease length of k f = 0.1. The solver employs the Newton–Raphson
method per increment with simultaneous convergence criteria of 0.5%
force tolerance and 1% displacement tolerance; the automatic time incre-
menter is used (initial step = 1, minimum step = 10−5); if a step fails
to converge within 16 iterations the increment is reduced to one quarter
and retried, with up to five reductions before aborting; if the last two
converged steps both required ≤ 5 iterations, the increment is increased
by 50%. Hu et al. test six straight-crease origami structures (represen-
tative snapshots are shown in Figure 2.6). In Table 2.1, their “Elastic
Hinge” study compares origami panel discretizations using Abaqus S4R
(4-node reduced-integration conventional shell element), SC8R (8-node
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reduced-integration continuum-shell element), and their in-house coro-
tational Q4 bending element combined with M3D4. They report that
M3D4 combined with the corotational Q4 bending element yields the
best computational efficiency, and the other five origami structures were
simulated using M3D4/M3D3 (4-node/3-node 3D membrane elements)
with corotational Q4 bending element. In these six origami structures,
the creases are modeled with the edge-stenciled hinge-folding model.
“Elastic Hinge (SC8R side)” denotes the SC8R-based elastic-hinge model
with the hinge arranged in the alternative “side” configuration (see Fig-
ure 2.7). In Table 2.1, “rest angle loading” and “displacement loading”
represent two different loading schemes.

In most cases, the present hinge-folding model yields predictions
consistent with those of Hu et al. [72]. However, notable differences arise
in the number of load increments required, as summarized in Table 2.1,
particularly in scenarios such as the SC8R plate with a side elastic hinge,
the pop-up Kirigami under displacement control, and the pinching of
derived Kirigami structures. In these cases, the presented hinge-folding
model produces comparable results while requiring fewer increments,
highlighting its improved computational efficiency without compromis-
ing accuracy.

This improvement stems from the fact that Hu et al. simplify the
gradient of the hinge angle by treating the scalar weights sC and sD as
constants. This assumption is equivalent to enforcing isometry along the
fold line. However, each origami panel undergoes small but non-zero
membrane deformation, which violates the strict isometry assumption
and negatively affects the force equilibrium in the iterative solver.

A more extreme example of this limitation arises when each small
triangle in a cloth mesh is treated as an origami panel connected by fold-
ing hinges. Due to the soft nature of cloth materials, these panels are
more prone to membrane deformation, making the assumption of con-
stant sC and sD even more problematic. The detailed setup for this cloth
simulation is presented in the next subsection.
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Figure 2.8: Cloth drape simulations. Left: Draped pattern of a 0.2 × 0.2
cloth over a 0.1 × 0.1 pedestal predicted by using 1,440 active nodes.
Right: Draped pattern of a 0.5 × 0.5 over a ϕ0.2 pedestal predicted by
using 10,560 active nodes. Self-contact occurs due to the longer free-
hanging length. The hinge angle gradient used in the present model
leads to convergent results in both simulations whereas that in Hu et
al. [72]’s model does not.

2.3.2 Qualitative Tests

This subsection first highlights the limitation of simplifying the gradient
of the hinge angle, as done by Hu et al. [72], by applying it to cloth drape
simulations. It then considers a cloth benchmark [100] to further demon-
strate the robustness of the present model. In these simulations, the
material properties of a 100% cotton fabric [100] are used: area density
ρ = 0.1503, thickness h = 3.18 × 10−4, Young’s modulus E = 8.21 × 105,
and Poisson’s ratio ν = 0.243. The gravitational acceleration is set to
9.81, and a friction coefficient of 0.4 is employed where applicable. For
elastodynamic simulations, the time step is 0.04.

Cloth drape simulation

The drape test is a critical evaluation in the textile industry [84, 48]. In
this test, two specific scenarios are examined to demonstrate the robust-
ness of the presented hinge angle gradient over the one used by Hu et
al. [72]’s model: (1) draping a 0.2 × 0.2 square cloth (1,440 active nodes)
over a 0.1 × 0.1 square pedestal (shown on the left-hand side of Fig-
ure 2.8), and (2) draping a 0.5 × 0.5 cloth (10,560 active nodes) over a
ϕ0.2 pedestal (see the right-hand side of Figure 2.8). Self-contact occurs
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Figure 2.9: Simulation of a square cloth with 85,451 nodes dropped onto
a rotating sphere on a floor. As the sphere rotates, friction pulls the cloth
inward, forming intricate wrinkles and folds. This test demonstrates the
robustness of the present hinge-bending model under complex condi-
tions involving tight wrinkling, friction, and contact.

in the second but not the first scenario due to the difference in the free-
hanging length. Convergence can be obtained by using the present hinge
angle gradient, but not the one employed in Hu et al. [72]’s model.

Cloth on rotating sphere

This test assesses the robustness of the present formulation under com-
plicated conditions involving tight wrinkling, friction, and complex con-
tact scenarios, based on the setup from previous studies [20, 100]. In this
test, a 1 × 1 square cloth with 85,451 nodes drops onto a ϕ0.2 sphere ro-
tating on a flat floor (see Figure 2.9). The rotation axis is vertical to the
floor, with an angular speed of π. As the sphere rotates, friction pulls the
cloth inward, generating intricate patterns of wrinkles and folds.

2.4 Conclusion

In this chapter, a hinge-bending model that approximates discrete cur-
vature by fitting an edge stencil onto a cylindrical surface is first intro-
duced. Through a series of quantitative tests, the present hinge-bending
model demonstrates higher accuracy than existing hinge-bending mod-
els [19, 66, 207]. A detailed comparison of these hinge-bending energy
formulations is provided in Appendix G, showing that they differ from
the present formulation only by a constant factor. For applications built
upon these earlier formulations, the present hinge-bending model can
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readily serve as an improved replacement by adjusting the constant fac-
tor for higher accuracy. Furthermore, the hinge angle and its derivatives
are directly used as a hinge-folding model that connects non-coplanar
origami panels. By leveraging both the gradient and Hessian of the hinge
angle, the hinge-folding model bridges seamlessly with finite element-
based origami panels, leading to enhanced efficiency and robustness
compared to existing finite element-based origami simulations [72].

It should be noted that although the hinge-bending model converges
under mesh refinement in the linear plate bending benchmark with equi-
lateral triangle meshes, the edge-stenciled hinge model exhibits notice-
able mesh dependency issue (as defined in Section 1.1.4) when applied
to general plate or shell deformations with arbitrary mesh structures [65,
221]. This issue motivates the development of triangle-centered stencil
models in Chapter 3. Nevertheless, due to its simplicity and robustness,
the present hinge-bending formulation remains a practical choice for
qualitative shell simulations. For practical applications, equilateral tri-
angular meshes are recommended for the edge-stenciled hinge-bending
model, as the convergence study (Figure 2.3) shows that the model con-
verges to the analytical solution only on equilateral meshes, while regu-
lar (non-equilateral structured) meshes already exhibit noticeable devia-
tion (see also Figure 3.8). It is worth noting that, based on our experience,
mesh irregularity does not affect the stability of the solver — the simu-
lations remain robust even on irregular meshes, though the accuracy of
the bending response degrades.
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Chapter 3

Corotational Hinge-based Thin
Plates/Shell Models

3.1 Introduction

Modeling and simulation of thin plates and shells have long been critical
topics in both the computational mechanics and computer graphics com-
munities. In computational mechanics, the primary focus has tradition-
ally been on achieving high accuracy. In computer graphics, efficiency
has been a dominant concern. In recent years, there has been a growing
convergence between these two fields, with increasing interest in devel-
oping computational models that are both efficient and accurate [26, 155,
218]. Beyond efficiency and accuracy, robustness is also an essential re-
quirement [19, 92, 100]. In this context, robustness refers to the ability
to stably reach the user-specified total simulation time in complex sce-
narios involving strong geometric nonlinearities, large time steps, and
complex collisions/frictions.

Inspired from both discrete differential geometry shells [8, 59, 64,
65, 205, 221] and rotation-free shells [134, 218]. Section 1.1.4 provides
a review of discrete differential geometry shells and rotation-free shells.
This chapter presents a suite of bending models for thin plates and shells
that aim to strike a balance between efficiency and accuracy, while also
ensuring robustness. Specifically:

• Three types of corotational hinge-based discrete curvature oper-
ators are developed for thin plate/shell simulation, namely the
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edge-based, FVM, and smoothed variants.

• All presented six thin plate/shell models are characterized by con-
stant bending energy Hessians and incorporate carefully designed
boundary conditions for accurate simulation.

Built upon the linear or 3-node triangle mesh, these models are straight-
forward to integrate into existing finite element frameworks and thin
shell (cloth) simulators. This chapter is based on the results originally
reported in [103], with additional analysis and discussion included here.

3.2 Geometric Discretization

3.2.1 Kinematics

The smooth midsurface of KL shell is discretized by the linear triangular
mesh which is piecewise planar. Two types of shell stencil are consid-
ered. The corotational edge-based hinge bending model is based on an
edge stencil, consisting of two adjacent triangles and their common edge
(see the middle image in Figure 1.1). The corotational FVM/ smoothed
hinge bending model is based on a triangle-centered stencil, which in-
cludes one central triangle and its three neighboring triangles (see the
right image in Figure 1.1). For a given point x on a stencil, the position
vector in the current configuration is

x = X + U, (3.1)

where X is the position vector in the initial configuration, and U is the
displacement vector.

3.2.2 Terminologies and Remarks

Terminologies. In this chapter, superscript "s" denotes a vector that collects
the nodal vectors in a stencil. For instance, the vector for an edge stencil
is

xs =
[
xT

1 xT
2 xT

3 xT
4

]T
,
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while the vector for a triangle-centered stencil is

xs =
[
xT

1 xT
2 xT

3 xT
4 xT

5 xT
6

]T
.

The quantity defined in the corotational frame is equipped with a tilde
"˜". X̃ − Ỹ − Z̃ and x̃ − ỹ − z̃ are the initial and current corotational
frames and the corresponding position vectors are X̃ = [X̃, Ỹ, Z̃]T and
x̃ = [x̃, ỹ, z̃]T, respectively. The initial and current corotational frames
are the local Cartesian frames attached to the initial and current stencils,
respectively. These frames are used to quantify the nodal projected dis-
tances of these stencils to discretize the curvatures. As usual, the quan-
tities defined in the corotational frame can be transformed from those in
the global Cartesian frame. The coordinate transformation is illustrated
in Appendix D. The subscript “c” denotes the projection onto either the
X̃–Ỹ plane of the initial corotational frame or the x̃–ỹ plane of the current
corotational frame. Graphical illustration of the projection can be found
in the Figure 3.1, Figure 3.2 and Figure 3.5.

The abbreviations "EP", "ES", "FP", "FS", "SP" and "SS" are used to
distinguish between different bending formulations, when necessary. In
the first letter of the abbreviation, "E", "F" and "S" refer to the edge-based,
FVM and smoothed hinges, respectively. In the second letter of the ab-
breviation, "P" and "S" refer to plates and shells, respectively.

Remarks. To facilitate understanding of the derivation process, sev-
eral key points are first mentioned. The kinematics of a shell stencil de-
formed from its initial configuration to the current configuration can be
described by

xs = Xs + Us.

In the initial configuration, a shell stencil with X̃s
c obtained by project-

ing X̃s along Z̃ onto the X̃ − Ỹ plane is referred to as the initial coro-
tational shell stencil. Using X̃s − X̃s

c which approximates the projection
of X̃s along Z̃ and introducing discrete curvature operators constructed
from X̃s

c, the initial curvature can be discretized. The discrete curvature
operator approximates smooth curvature on meshes by quantifying lo-
cal geometric bending. Both x̃s

c and X̃s
c can be transformed by xs

c and Xs
c,
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respectively (see Appendix D). Under the small strain and small curva-
ture assumption, the relative positions of the projected positions x̃s

c in the
current corotational frame and X̃s

c in the initial corotational frame are ap-
proximately the same. Another view is that the corotational shell stencil
deforms from the initial configuration to the current configuration, i.e.

xs
c = Xs

c + Us
c,

which approximately undergoes rigid-body motion. So, the current dis-
crete curvature can be defined using the discrete curvature operators of
the initial curvature. Alternatively, if the discrete curvature operators are
derived in the initial corotational frame, they remain constant during the
simulation. The discrete curvature operator is a numerical formulation
defined on a discretized surface to approximate the continuous curva-
ture operator on a smooth surface for geometric processing or simula-
tion [203]. Recalling the shell theory in Section 1.3.1, the bending defor-
mation in Eq.(1.13) is quantified by the change in curvature between the
initial and current configurations. Then, the bending energy of a sten-
cil is formulated. Further details are provided in the subsequent sub-
sections to get the constant bending energy Hessians. The source code
(https://github.com/liangqx-hku/libThinPlateShells) is also made
available for free access.

3.2.3 Corotational Edge-based Hinge Bending Model

In an edge stencil (see Figure 3.1), the curvature along the edge 2-3 is
zero. In the current configuration, the discrete directional curvature κd

across the edge in Eq.(2.2) of Chapter 2 is

κd =
2θ

h1 + h4
, (3.2)

where h1 = ∥X1P∥ and h4 = ∥X4Q∥ are the heights of the triangles T123

and T432. The two heights are approximated by those in the initial con-
figuration under the small strain assumption. Under the small curvature

https://github.com/liangqx-hku/libThinPlateShells
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Figure 3.1: An edge stencil deforms from its initial configuration (blue)
to the current configuration (black). The corotational frame (green) is
employed to capture nodal projected distances relative to the corota-
tional shell stencil (grey dashed line). X − Y − Z is the global Cartesian
frame. In the current configuration, the x̃ − ỹ − z̃ frame is the current
corotational frame, where the x̃-axis aligns with the edge 23, and the
z̃-axis direction is approximately along the bisector of the hinge angle
θ. The ỹ-axis is determined by the right-hand rule. The corotational
shell stencil is the projection of the shell stencil onto the x̃ − ỹ plane.
α1 and α4 describe the bend angles of two adjacent triangles relative to
the corotational shell stencil. The point (xi)c is the projection of xi onto
the x̃ − ỹ plane, while the transverse displacement w̃i corresponds to the
projection of the relative difference between xi and (xi)c along the z̃-axis.
Variables related to the shell stencil in the initial configuration can be ex-
tended from those in the current configuration.

assumption, the hinge angle in the current configuration can be approx-
imated by

θ = α1 + α2 ≃ sin α1 + sin α2 ≃ nT
z̃ (x̃1 − x̃P)

h1
+

nT
z̃ (x̃4 − x̃Q)

h4
. (3.3)

Here, the perpendicular feet x̃P and x̃Q are given by

x̃P =
∥x̃P3∥
∥x̃23∥

x̃2 +
∥x̃P2∥
∥x̃23∥

x̃3, x̃Q =
∥x̃Q3∥
∥x̃23∥

x̃2 +
∥x̃Q2∥
∥x̃23∥

x̃3. (3.4)
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Under the small strain assumption, these perpendicular feet in Eq.(3.4)
can be approximated as

x̃P =
∥X̃P3∥
∥X̃23∥

x̃2 +
∥X̃P2∥
∥X̃23∥

x̃3, x̃Q =
∥X̃Q3∥
∥X̃23∥

x̃2 +
∥X̃Q2∥
∥X̃23∥

x̃3, (3.5)

and nz̃ = nc/∥nc∥ is the direction of the z̃-axis, where nc is computed by

nc =
xP1

∥xP1∥
+

xQ4

∥xQ4∥
. (3.6)

In case that T123 and T432 are coplanar, nz̃ is taken to be the normal of
triangle T123 (T432). It can be seen that the direction nz̃, which bisects
the supplementary angle (π − θ) of the hinge angle, approximates the
normal direction of the smooth shell midsurface in the current configu-
ration.

By substituting Eq.(3.3) and Eq.(3.5) into Eq.(3.2), the discrete direc-
tional curvature in the current configuration is discretized as

κd = Ldn
T x̃s = Ldds. (3.7)

Here, Ld is the corotational edge-based hinge curvature operator, i.e.

Ld =
2

(h1 + h4)

[
1
h1

−
(

∥X̃P3∥
∥X̃23∥h1

+
∥X̃Q3∥
∥X̃23∥h4

)
−
(

∥X̃P2∥
∥X̃23∥h1

+
∥X̃Q2∥
∥X̃23∥h4

)
1
h4

]
,

(3.8)
n = I4×4 ⊗ nz̃, where ⊗ is the Kronecker product, and I4×4 is the fourth
order identity matrix. The transverse displacement vector of the edge
stencil with respect to the x̃ − ỹ − z̃ frame is

ds = n
T x̃s

=
[
nT

z̃ x̃1 nT
z̃ x̃2 nT

z̃ x̃3 nT
z̃ x̃4

]T

=
[
w̃1 w̃2 w̃3 w̃4

]T
,

(3.9)

which quantifies the projected distances of the nodes away from the pro-
jected nodes in the corotational shell stencil (see Figure 3.1).

To facilitate the computation of curvature derivatives, the transverse
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displacement vector in Eq.(3.9) is expressed in global Cartesian coordi-
nates, i.e.

ds =
[
w̃1 w̃2 w̃3 w̃4

]T
= n

T(xs − xs
c), (3.10)

leading the discrete directional curvature in Eq.(3.8) to

κd = Ldn
T(xs − xs

c). (3.11)

In the geometric view, the points in xs
c lie in the x̃ − ỹ plane of the current

corotational frame. Since the matrix n spans the normal direction(s) of
this frame, it follows directly that

n
Txs

c = 0,

which implies
Ldn

Txs
c = 0. (3.12)

This result can also be obtained by rewriting the left-hand side of Eq.(3.12)
as

Ldn
Txs

c = nT
z̃ (Ld ⊗ I)xs

c, (3.13)

where
(Ld ⊗ I)xs

c = 0. (3.14)

This relation can be interpreted using [8, 9, 203], where the operator Ld

corresponds to a discrete Laplacian constructed using the cotangent for-
mula [144] (see Appendix F). When applied to a set of points lying on a
common plane, the operator yields zero due to the vanishing curvature
of the planar surface.

Thus, the Eq.(3.8) of the discrete directional curvature in the current
configuration becomes

κd = Ldn
Txs. (3.15)

Similarly, the directional curvature in the initial configuration can be ex-
pressed as

Kd = LdDs = LdNTXs, (3.16)

where N = I4×4 ⊗nZ̃, and Ds = NTXs quantifies the projected distances
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of the edge stencil away from the corotational shell stencil in the initial
configuration.

It should be mentioned that these discrete directional curvatures can
also be rewritten as

κd = nT
z̃ (Ld ⊗ I)xs, Kd = nT

Z̃(Ld ⊗ I)Xs, (3.17)

where I is the third order identity matrix. By comparing the discrete di-
rectional curvatures in Eq.(3.17) with the smooth curvature in Eq.(1.10)
and (1.30) of Chapter 1, the smooth counterparts of Eq.(3.17) should be
κỸỸ and KỸỸ. Therefore, Ld is referred to as the discrete curvature oper-
ator. This implies that if a discrete expression of the curvature operator
is obtained in the initial corotational frame, the curvature discretizations
will be effectively resolved.

The curvature derivation in the corotational edge-based hinge bend-
ing model can be extended to the corotational FVM/smoothed hinge
bending model. The distinction lies in how curvature is discretized, us-
ing the edge stencil in the former and the triangle-centered stencil in the
latter. For the corotational FVM/smoothed hinge bending model, the di-
rection of the z̃-axis in the current corotational frame is exactly given by
the normal of the central triangle T123, that is, nc in Eq. (3.6) should be
replaced by

nc = x12 × x13. (3.18)

Corotational edge-based hinge thin plate

The bending energy of the corotational edge-based hinge thin plate can
be expressed as

ΨEP
b =

1
2

AEkbκ2
d, (3.19)

where AE is the total area of the edge stencil in the initial configuration.
The bending rigidity is kb = Eh3/[12(1 − ν2)]. By applying Eq.(3.11), the
bending energy in Eq.(3.19) can be discretized as

ΨEP
b =

AE
2

kbκ2
d =

AE
2

kb(xs − xs
c)

T
nLT

d Ldn
T(xs − xs

c), (3.20)
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which can be regrouped as

ΨEP
b =

AE
2

kb(xs − xs
c)

T(LT
d Ld ⊗ I)nnT(xs − xs

c). (3.21)

For any point on the shell stencil under the small strain/curvature
assumption, the relation

nz̃nT
z̃ (x − xc) = nz̃w̃ ≃ x − xc (3.22)

holds. Consequently, Eq.(3.21) becomes

ΨEP
b =

AE
2

kb(xs − xs
c)

T(LT
d Ld ⊗ I)(xs − xs

c)

=
AE
2

kb(xs − xs
c)

T(Ld ⊗ I)T(Ld ⊗ I)(xs − xs
c).

(3.23)

By invoking Eq.(3.14), the bending energy is simplified to

ΨEP
b =

AE
2

kb(xs)T(LT
d Ld ⊗ I)xs. (3.24)

This shows that the bending energy is quadratic with respect to the nodal
positions. As a result, the bending energy Hessian is constant, i.e.

∂2ΨEP
b

∂xs∂(xs)T = kb AELT
d Ld ⊗ I, (3.25)

and the gradient of the bending energy is linear with respect to the nodal
positions, i.e.

∂ΨEP
b

∂xs =

(
∂2ΨEP

b
∂xs∂(xs)T

)
xs. (3.26)

It is important to note that quantifying the discrete directional cur-
vature operator in the global Cartesian frame leads to a expression simi-
lar to that of the quadratic shell model [8]. However, this model overes-
timates the bending energy by a factor of three, as numerical results will
be discussed in detail in Section 3.4.1. The fundamental difference and
accuracy discrepancy have been detailed in Appendix F.
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Corotational edge-based hinge thin shell

The bending energy of the corotational edge-based hinge thin shell is

ΨES
b =

1
2

AEkb(ε
ES
b )2, (3.27)

where the curvature change is

εES
b = κd − Kd = Ldn

Txs − LdN
TXs. (3.28)

The gradient of the bending energy is

∂ΨES
b

∂xs = AEkb
∂εES

b
∂xs εES

b , (3.29)

where the gradient of the curvature change is

∂εES
b

∂xs = (xs)T ∂n

∂xs LT
d + nLT

d . (3.30)

Here, ∂n/∂xs = I4×4 ⊗ (∂nz̃/∂xs), where ∂nz̃/∂xs is detailed in Ap-
pendix E.

Before deriving the bending energy Hessian, substituting Eq.(3.28)
into Eq.(3.27) yields

ΨES
b = ΨES

f lat + ΨES
curved, (3.31)

which decomposes into a flat part

ΨES
f lat =

AE
2

kb(xs)T
n(LT

d Ld ⊗ I)nTxs (3.32)

and a curved part

ΨES
curved =

AE
2

kb(−2(xs)T(LT
d Ld ⊗ I)nNT + (Xs)T(LT

d Ld ⊗ I)NNT)Xs.
(3.33)

The flat part in Eq.(3.32) is identical to the bending energy of the coro-
tational edge-based hinge thin plate in Eq.(3.20), and the curvature is
small. Consequently, the simplified bending energy Hessian from the
thin plate model in Eq.(3.25) can be employed in the thin shell model. A
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similar approach can be found in the cubic shell paper [59].

Boundary conditions.

In thin shell simulations, the most commonly used boundary conditions
are the clamped boundary condition, the free boundary condition, and
the simply-supported boundary condition. The simply supported bound-
ary condition can be effectively achieved by combining the free bound-
ary condition with fixed boundary nodes, so the clamped and free bound-
ary conditions will be discussed. In the boundary edge stencil MNLL′

(see Figure 3.7), the node L′ is a virtual node that is symmetrically po-
sitioned with respect to node L across the midpoint P of the boundary
edge MN.

The Clamped Boundary Condition. For a boundary edge stencil with
a clamped boundary condition, a symmetric virtual transverse displace-
ment is applied, corresponding to the virtual node L′

w̃L′ = w̃L, (3.34)

which ensures the preservation of the normal direction perpendicular to
the boundary edge stencil. When this condition is applied to the bound-
ary edge stencil, the corotational edge-based hinge curvature operator
Ld is modified to

L
′
d =

1
h1

[
2
h1

− ∥X̃P3∥+∥X̃Q3∥
∥X̃23∥h1

− ∥X̃P2∥+∥X̃Q2∥
∥X̃23∥h1

0
]

(3.35)

This zero-slope condition is also applicable in symmetric structural finite
element analysis.

The Free Boundary Condition. For a free boundary edge, there is no
bending energy in the boundary edge stencil, resulting in zero entries for
both the gradient and Hessian related to this boundary (zero-curvature
condition).

In conclusion, the modification of the curvature operator according
to the virtual nodes enables the boundary conditions be prescribed at
the stencil level. Boundary conditions are crucial in engineering shell
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Figure 3.2: A triangle-centered stencil for modeling the corotational
FVM hinge bending model deforms from its initial configuration (blue)
to the current configuration (black). X − Y − Z is the global Cartesian
frame. In the initial configuration, the X̃ − Ỹ − Z̃ frame (green) is the
initial corotational frame, where the X̃-axis aligns with the edge 12, and
the Z̃-axis direction is along the normal direction of the central triangle.
The Ỹ-axis is determined by the right-hand rule. The corotational shell
stencil (grey dashed line) is the projection of the stencil onto the X̃ − Ỹ
plane. The point (Xi)c represents the projection of Xi onto the X̃ − Ỹ
plane, while W̃i corresponds to the projection of the relative difference
between Xi and (Xi)c along the Z̃-axis. Variables related to the shell sten-
cil in the current configuration can be extended from those in the initial
configuration.

simulations to achieve accurate results. However, the impact of the free
boundary condition on visual effects in computer animation is often neg-
ligible.

3.2.4 Corotational FVM Hinge Bending Model

The curvature of the central triangle can be evaluated using the finite
volume method (FVM) within the corotational frame. In the initial con-
figuration, the vector of the curvature components [134] is

K =
1
A

∫
A


∂2W̃
∂X̃2

∂2W̃
∂Ỹ2

2 ∂2W̃
∂X̃∂Ỹ

 dA, (3.36)



3.2. Geometric Discretization 71

1 2

3

s

t

X

Y
Z



Figure 3.3: A schematic diagram of the s-t frame, which lies in the X̃-Ỹ
plane.

which is constant over the central triangle (control cell). The bending
deformation is described by Eq.(1.30) in Chapter 1. Here, A is the area of
the central triangle in the initial configuration. By applying the Stokes’s
theorem, Eq.(3.36) can be rewritten as

K =
1
A

∫
Γ

T
( ∂W̃

∂X̃
∂W̃
∂Ỹ

)
dΓ, (3.37)

where Γ is the boundary of the central triangle in the initial configura-
tion, and T is defined as  ms 0

0 mt

mt ms

 , (3.38)

with the normalized normal m̃ =
[

ms mt

]T
outward to the boundary

Γ surrounding the central triangle in the X̃ − Ỹ plane of the initial coro-
tational frame. The s-axis is tangential to the boundary Γ and the t-axis
is perpendicular to the s-axis (see Figure 3.3). The gradient of the trans-
verse displacement W̃ can be transformed from the directional gradient
using ( ∂W̃

∂X̃
∂W̃
∂Ỹ

)
=

[
ms −mt

mt ms

]( ∂W̃
∂t

∂W̃
∂s

)
, (3.39)

where ∂W̃/∂t and ∂W̃/∂s are the rotations about the s-axis and t-axis,
respectively.



72 Chapter 3. Corotational Hinge-based Thin Plates/Shell Models

Given that there is no curvature along each edge of the central tri-
angle (see Figure 3.2), i.e., ∂W̃/∂t ̸= 0 and ∂W̃/∂s = 0 in Eq.(3.39), the
curvature in Eq.(3.37) can be discritized as

K =
3

∑
i=1

 (ms)2
i

(mt)2
i

2(ms)i(mt)i

 (Kd)i, (3.40)

where (Kd)i = (∂W̃/∂t)ili/A is the directional curvature with li being
the edge length in the initial configuration. It can be seen that the FVM
approach obtains the vector of curvature components from the direc-
tional curvatures of the central triangle. To discretize the curvature and
consider the adjacent triangles’ contribution to the common edge, sev-
eral discretized schemes can be found in [134, 61].

In this chapter, the Eq.(3.2) is first extended to express the directional
curvatures, K can then be rewritten as

K = R

 (Kd)1

(Kd)2

(Kd)3

 ≃ RKp = R


2Θ1

h1+h4
2Θ2

h2+h5
2Θ3

h3+h6

 , (3.41)

where vector Kp collects the discrete directional curvatures in the initial
configuration, Θi (i = 1, 2, 3) is the hinge angle in initial configuration,
hi (i = 1, 2, · · · , 6) is the triangle height in the initial configuration (see
Figure 3.4), and the transform matrix R is

R =

 (ms)2
1 (ms)2

2 (ms)2
3

(mt)2
1 (mt)2

2 (mt)2
3

2(ms)1(mt)1 2(ms)2(mt)2 2(ms)3(mt)3

 . (3.42)

Finally, under the small strain/curvature assumption, each discrete di-
rectional curvature in Eq.(3.41) is approximated using the corotational
edge-based hinge curvature operator in Eq.(3.8).
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Figure 3.4: Definition of geometric quantities. The heights of the trian-
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Corotational FVM hinge thin plate

The bending energy of the corotational FVM hinge thin plate is

ΨFP
b =

A
2

κT
p Dp

b κp. (3.43)

Here Dp
b = RTDbR, and the vector of discrete directional curvatures in

the current configuration is

κp = Lpn
Txs, (3.44)

where n = I6×6 ⊗ nz̃ with nz̃ normalized as described nc in Eq.(3.18).
I6×6 is a sixth order identity matrix. The curvature operator Lp is

Lp = −H



− 1
h1

(
∥X̃M3∥

ah5
+ ∥X̃N3∥

ah2

) (
∥X̃R2∥

bh6
+ ∥X̃S2∥

bh3

)
( ∥X̃Q3∥

ch4
+ ∥X̃P3∥

ch1

)
− 1

h2

(
∥X̃R1∥

bh6
+ ∥X̃S1∥

bh3

)
( ∥X̃Q2∥

ch4
+ ∥X̃P2∥

ch1

) (
∥X̃M1∥

ah5
+ ∥X̃N1∥

ah2

)
− 1

h3

− 1
h4

0 0

0 − 1
h5

0

0 0 − 1
h6



T

,

(3.45)
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with a = ∥X̃31∥, b = ∥X̃12∥, c = ∥X̃23∥, and

H =


2

h1+h4
0 0

0 2
h2+h5

0

0 0 2
h3+h6

 . (3.46)

Consequently, the vector of curvature components in Eq.(3.40) can be
discretized by the corotational FVM hinge curvature operator RLp.

In deriving the derivatives of the bending energy of corotational
FVM hinge thin plate, the constant bending energy Hessian can also
be obtained similar to the corotational edge-based hinge thin plate in
Eq.(3.25), i.e.

∂2ΨFP
b

∂xs∂(xs)T = A(LT
p Dp

b Lp ⊗ I). (3.47)

The operation in Eq.(3.26) can similarly be employed to compute the gra-
dient of the corotational FVM hinge thin plate model.

Corotational FVM hinge thin shell

The bending energy of the corotational FVM hinge thin shell is

ΨFS
b =

A
2
(εFS

b )TDbεFS
b , (3.48)

where the curvature change vector εFS
b is

εFS
b = Rκp − RKp = RLpn

Txs − RLpN
TXs (3.49)

with
N = I6×6 ⊗ nZ̃. (3.50)

The gradient of the bending energy of corotational FVM hinge thin shell
is generalized from the corotational edge-based hinge thin shell, i.e.

∂ΨFS
b

∂xs = A
∂(εFS

b )T

∂xs DbεFS
b , (3.51)



3.2. Geometric Discretization 75

where the gradient of the curvature change vector is

∂εFS
b

∂xs = (xs)T ∂n

∂xs LT
p RT + nLT

p RT. (3.52)

The bending energy Hessian remains the same as in the corotational
FVM hinge thin plate model, for reasons similar to those discussed in the
corotational edge-based hinge thin shell model in Section 3.2.3.

Boundary conditions.

For boundary triangle-centered stencils in which at least one triangle
is missing, the boundary conditions from the corotational edge-based
hinge bending model can be applied to the boundary triangle stencil (see
Figure 3.7). It is crucial to set the mixed second derivative in curvature
vector to zero for the boundary shell stencil with free edge boundary
condition to ensure accuracy in passing the "engineering shell obstacle
benchmark" tests, shown in Section 3.4.1.

3.2.5 Corotational Smoothed Hinge Bending Model

In the initial configuration, the vector of curvature components in the
smoothed hinge bending model is

K =


∂2W̃
∂X̃2

∂2W̃
∂Ỹ2

2 ∂2W̃
∂X̃∂Ỹ

 , (3.53)

which can be discretized as

K = LsDs, (3.54)

where
Ds =

[
W̃1 W̃2 W̃3 W̃4 W̃5 W̃6

]T
(3.55)

is the vector of transverse displacements in the initial corotational frame.
In the smoothed hinge model, a quadratic fitting surface is used to smooth
the triangle-centered stencil (see Figure 3.5), and Ls is the corotational
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Figure 3.5: A triangle-centered stencil, fitted to a quadratic surface (light
blue), models the corotational smoothed hinge bending model as it de-
forms from its initial configuration (blue) to the current configuration
(black). X −Y −Z is the global Cartesian frame, and X̃ − Ỹ − Z̃ (green) is
the initial corotational frame, which captures nodal projected distances
relative to the corotational shell stencil (grey dashed line). (Xi)c is the
projection of Xi onto the X̃ − Ỹ plane, while W̃i is the relative difference
between Xi and (Xi)c projected along the Z̃-axis. Variables of the shell
stencil in the current configuration can be extended from the initial con-
figuration.

smoothed hinge curvature operator. The Ls will be derived later. The
transverse displacements in Eq.(3.55) on the shell midsurface can be in-
terpolated as

W̃ = c1 + c2X̃ + c3Ỹ + c4X̃2/2 + c5Ỹ2/2 + c6X̃Ỹ/2, (3.56)

where ci (i = 1, · · · , 6) are linear combinations of the components in
De. The first three cis correspond to the rigid-body modes, while the
last three cis lead to curvature components of the quadratic surface. By
introducing Eq.(3.56) into Eq.(3.53), the vector of curvature components
in Eq.(3.54) can also be written as

K = LsDs =

 c4

c5

c6

 . (3.57)
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The three components of K can be expressed by converting the three
directional curvature constituent parts in the vector of directional curva-
tures

Kp = LpDs, (3.58)

which can be obtained by extending Eq.(3.7), Eq.(3.15) and Eq.(3.44) to
the initial configuration. The Ds in Eq.(3.55) is interpolated by the quadratic
function in Eq.(3.56), and the Lp is a discrete second order operator,
which eliminates the linear terms. Consequently, Kp in Eq.(3.58) can be
reformulated as

Kp = LpDs = LpCp

 c4

c5

c6

 , (3.59)

where

Cp =


X̃2

1/2 Ỹ2
1 /2 X̃1Ỹ1/2

...
...

...
X̃2

6/2 Ỹ2
6 /2 X̃6Ỹ6/2

 .

Substituting Eq.(3.57) into Eq.(3.59), one can obtain

Kp = LpCpLsDs. (3.60)

Then, the corotational smoothed hinge curvature operator can be explic-
itly expressed as

Ls = (LpCp)
−1Lp. (3.61)

This operator can be used to express the curvature vector of the smoothed
hinge bending model in the initial configuration, i.e.

K = LsN
TXs, (3.62)

where N has been defined in Eq.(3.49).

It is worth noting that the constant curvature of a quadratic surface
can also be computed using the interpolation method, which involves
solving a sixth-order linear system for each curvature operator [218].
However, in practice, the singularity arises in the configuration shown in
Figure, where the proposed method remains effective. Another explicit
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Figure 3.6: A stencil configuration exhibiting singularity arises when
using the interpolation method [218], whereas the present corotational
smoothed-hinge model does not.

formulation is presented in a follow-up note by Reisman et al. [151],
which continues the work of Grinspun et al. [65] and highlights certain
drawbacks of the curvature operator fitted on the quadratic surface. One
such drawback arises in near-conic degenerate configurations, where the
six nodes of a triangle-centered stencil lie approximately on a conic [151],
leading to numerical instabilities. Thanks to the small strain/curvature
assumption with the corotational approach, the bending energy Hes-
sian matrix can be assembled once using the initial geometric data. A
well-designed mesh initialization can effectively avoid numerical insta-
bilities. Nevertheless, numerous numerical exercises indicate that the
present model remains stable even without any special initialization.
More detailed results can be found in the Section 3.4. Additionally, a
concise treatment of boundary conditions is provided for the corota-
tional smoothed hinge curvature operator, which will be elaborated in
Section 3.2.5.

Corotational smoothed hinge thin plate

The bending energy of the corotational smoothed hinge thin plate is

ΨSP
b =

A
2

κTDbκ. (3.63)
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Its Hessian
∂ΨSP

b
∂xs = A(LT

s DbLs ⊗ I) (3.64)

is also constant, and the gradient, which is linear about xe, can also be
computed by the approach in Eq.(3.26).

Corotational smoothed hinge thin shell

The bending energy of the corotational smoothed hinge thin shell is

ΨSS
b =

A
2
(εSS

b )TDbεSS
b , (3.65)

where the curvature change vector εSS
b is

εSS
b = κ − K = Lsn

Txs − LsN
TXs. (3.66)

The gradient of the bending energy of corotational smoothed hinge
thin shell is

∂ΨSS
b

∂xs = A
∂(εSS

b )T

∂xs DbεSS
b , (3.67)

where the gradient of the curvature change vector is

∂(εSS
b )T

∂xs = (xs)T ∂n

∂xs LT
s + nLT

s . (3.68)

The bending energy Hessian is the same as that of the corotational
smoothed hinge thin plate model in Eq.(3.64). The rationale behind this
similarity is consistent with the explanation provided for the corotational
edge-based hinge thin shell model in Section 3.2.3.

Boundary conditions.

Within the context of the boundary edge MN depicted in Figure 3.7, the
mesh topology informs that the nodal label L′ = L + 3. Consequently,
the curvature in the boundary shell stencil can be expressed as

κ = ∑ Lsjw̃j + Ls(L+3)w̃L+3, for j = N, M, L, N + 3, M + 3. (3.69)
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Figure 3.7: The artificial node L′ (shown in blue) and node L are sym-
metric with respect to the midpoint P of the boundary edge NM.

Here, Lsj is the j column of the curvature operator matrix Ls.

The Clamped Boundary Condition. To integrate the zero-slope condi-
tion, using Eq.(3.34), the modified curvature with a clamped edge be-
comes

κclamp =(LsL + Ls(L+3))w̃L + LsMw̃M

+ LsNw̃N + Ls(N+3)w̃N+3 + Ls(M+3)w̃M+3.
(3.70)

The Free Boundary Condition. For the zero-curvature condition, the
virtual transverse displacement of the virtual node should satisfy

w̃L′ = 2w̃P − w̃L, (3.71)

where w̃P = (w̃M + w̃N)/2 is the transverse displacement of the middle
point P of the boundary edge NM. The modified curvature with a free
edge is

κ f ree =(LsN + Ls(L+3))w̃N + (LsM + Ls(L+3))w̃M

+ (LsL − Ls(L+3))w̃L + Ls(N+3)w̃N+3 + Ls(M+3)w̃M+3.
(3.72)

If a boundary triangle includes one more boundary edge, the operations
outlined in Eq.(3.70) and Eq.(3.72) can be superimposed.
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It should be noted that the free boundary condition of the corota-
tional edge-based hinge bending model is defined on the edge stencil,
with the total structural energy accumulated over edges; consequently,
the energy at the boundary is zero. In contrast, the corotational smoothed
hinge bending model accumulates energy over triangles, and the energy
of a boundary triangle must account for the influence of its neighboring
triangles.

3.3 Implementations

Dynamics Simulation. The incremental potential [83] for elastodynamic
simulations can be expressed as

E(x) =
1
2
(x− x̂)T

M(x− x̂) + ∆t2Ψelastic + B(x) + D(x), (3.73)

where M ∈ R3n×3n is the mass matrix, x ∈ R3n is the global position
vector, n is the number of the nodes in the mesh, and ∆t is the time step.
The predicted global position vector

x̂ = x
t + ∆tvt + ∆t2

M
−1
fext

is computed from the implicit Euler integration. Here, fext ∈ R3n is the
global external force vector, xt ∈ R3n and vt ∈ R3n are the global position
and velocity vector at time t, respectively. Ψelastic refers to elastic poten-
tial, which contains the elastic shell energy Ψshell. B(x) and D(x) are the
contact barrier potential and the friction potential [99, 100], respectively.
In Eq.(3.73), both elastic and contact interactions are incorporated. The
global position vector at time t + 1 is updated by minimizing the total
potential in Eq.(3.73), i.e.

x
t+1 = argminx E(x), (3.74)

where the solution xt+1 is obtained iteratively using a Newton-type solver
along with a continuous collision detection filter, ensuring intersection-
free trajectories. This chapter builds upon the C-IPC codebase [100] for
the dynamics simulation framework.
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Linear and Quasi-static Simulations. The quasi-static simulation is
used to evaluate the accuracy and efficiency of different formulations
in Section 3.4.1, in which the contact is not involved, and equilibria are
determined by setting the gradient of the total potential to zero, i.e.

∂Ψshell
∂x

+ fext = 0. (3.75)

Since the results of ABAQUS will be as the reference solutions in quan-
titative benchmarks, a standard Newton-Raphson method [36] is em-
ployed under one load step to solve the geometrically nonlinear prob-
lem. The convergence criteria is ∥∂Ψshell/∂x+ fext∥ < ϵf , where ϵf is the
residual force tolerance. At each Newton iteration,

∆x = (
∂2Ψshell

∂x∂xT )−1(
∂Ψshell

∂x
+ fext)

is the incremental displacement. When the maximum nodal displace-
ment increment in a single iteration becomes too large, the entire dis-
placement update is proportionally scaled down to prevent the structure
from undergoing an unreasonably large deformation in one step. Specif-
ically, if the infinity norm ∥∆x∥∞ exceeds the incremental displacement
limit ϵ∆x, the incremental displacement will be scaled by ϵ∆x/∥∆x∥∞.
When the solution is far from equilibrium, this scaling method can effec-
tively reduce the incremental displacement for geometrically nonlinear
problems, including bending-dominated problems. A similar strategy
can be referred to [174]. For the linear plate bending benchmark in Sec-
tion 3.4.1, the solution can be obtained with a linear system solver.

3.4 Numerical Tests

Quantitative numerical experiments are compared with reference solu-
tions, which include the analytical solution for the linear plate bending
benchmark test and results from ABAQUS for geometrically nonlinear
benchmark tests. The present models are also compared against several
state-of-the-art formulations from the discrete differential geometry shell
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library, libshell [26], which includes three types of formulations: Mided-
geTan, MidedgeSin, and MidedgeAve. These three formulations are all
based on a triangle-centered stencil, differing only in the discrete ap-
proximation of curvature. The first two introduce additional degrees of
freedom associated with mid-edge normal rotations, which is illustrated
in Figure 1.2. In addition, comparisons are made with the quadratic and
cubic shell models [8, 59], all of which employ constant bending energy
Hessians. These comparisons demonstrate that the proposed models
achieve competitive accuracy and efficiency. Moreover, qualitative nu-
merical experiments further illustrate the robustness of the models in
elastodynamic simulations. All formulations are implemented on the
codebase of libshell [26, 30] for fairly quantitative comparison, and all of
the present formulations are integrated into the C-IPC [100] for qualita-
tive experiments. All quantities are expressed in the International Sys-
tem of Units (SI).

3.4.1 Quantitative Tests

Linear plate bending benchmark test

The linear plate bending benchmark is investigated using three differ-
ent mesh structures (see Figure 3.8) to evaluate how the present models
and existing models depend on the mesh structure and to observe their
convergent behaviour under mesh refinement. Since comparable stud-
ies do not provide the detailed implementation of clamped boundary
conditions, the simply supported boundary condition is applied on the
entire boundary of the square plate, which is subjected to a uniform load
perpendicular to its plane, to ensure a fair comparison. The square plate
has an edge length of a = 8, with a uniform load of B = 9.81 acting on
the body. The material properties are defined by E = 2 × 1011, ν = 0.3,
and h = 0.01. Using the double-sine series, the converged solution for
the maximum deflection, i.e., 0.048744Ba4(1 − ν2)/(Eh3) [188], is taken
as the reference solution.

The present EP/ES model yields results in close agreement with the
reference solution only on the equilateral triangular mesh (see left image
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Figure 3.8: Linear plate bending benchmark test. Convergence and mesh
dependency analysis of a simply supported linear plate under uniform
load across three different mesh structures. The vertical axis represents
the computed deflection normalized by the reference solution. EP/ES
yield identical predictions, as do FP/FS and SP/SS. MidedgeSin and
MidedgeTan also produce the same predictions, so a single marker is
used for each group. MidedgeAve results in "NaN" values on the equi-
lateral triangular mesh, and therefore its corresponding line is omitted.
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in Figure 2.3). However, the quadratic/cubic shell model does not per-
form well across all tests, even on the equilateral triangular mesh. The
primary reason is that the bending energy in the quadratic/cubic shell
model is three times higher than the EP/ES model (see Appendix F). The
MidedgeAve model also shows difficulties on the equilateral triangular
mesh, where a singularity issue arises. On the regular triangular mesh
(see middle image in Figure 2.3), the present FP/FS and SP/SS models
perform slightly better than the MidedgeSin and MidedgeTan formula-
tions. On the irregular mesh (see right image in Figure 2.3), MidedgeSin
and MidedgeTan exhibit better mesh independence than other models.
Among the present models, SP and SS outperform FP and FS, which
have comparable performance to the MidedgeAve formulation.

The data from the last column in Table 3.1 highlights that the FP, FS,
SP, and SS models are nearly twice as fast as the MidedgeSin and Mid-
edgeTan formulations in one linear system solve on the equilateral trian-
gular mesh. Additionally, the EP/ES and quadratic/cubic shell models
based on the edge stencil demonstrate exceptional speed. The numeri-
cal performance differences across various mesh tessellations primarily
arise from the curvature operators used in these formulations.

Geometrically nonlinear benchmark tests

This subsection aims to verify the expected accuracy and efficiency of the
present models in geometrically nonlinear tests (see Table 3.1). The tests
are derived from engineering obstacles [180]. The reference solutions
are obtained using the S4R shell element in ABAQUS with a sufficiently
high mesh density. The underlined geometry of S4R is quadrilateral,
so the tested mesh is generated by splitting each quadrilateral into two
triangles. For each simulation, the residual force tolerance ϵf is 0.001,
and the incremental displacement limit is ϵ∆x = 0.1.

Cantilever Plate Subjected to End Shear Force. In this test, a cantilever
plate of dimensions 10 × 1 is subjected to 4 units of end shear force, ap-
plied as concentrated loads of equal magnitude F = 4/3 at the three
free-end nodes, as illustrated in Figure 3.9. The concentrated loads are
along the Z-axis. The geometry is discretized into 51 nodes, with two
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Model Cantilever Hemisphere Shell Linear Plate Bending

Wtip Iterations (Time) Umin Vmax Iterations (Time) Time (7459 nodes)

EP 5.388 61 (0.293s) 1.758s
ES 5.387 61 (0.343s) -4.072 2.799 56 (27.334s) 1.778s
FP 6.056 68 (0.412s) 3.713s
FS 6.072 68 (0.464s) -5.752 3.403 84 (44.153s) 3.788s
SP 6.055 67 (0.535s) 3.620s
SS 6.072 67 (0.595s) -5.923 3.534 87 (45.035s) 3.759s

Quadratic Shell [8] 2.510 29 (0.145s) 1.757s
Cubic Shell [59] 2.510 29 (0.153s) -3.193 2.414 51 (17.784s) 1.761s
MidedgeTan [26] 5.405 77 (2.545s) -5.831 3.422 93 (173.531s) 6.963s
MidedgeSin [26] 5.418 77 (2.596s) -5.886 3.451 94 (180.139s) 6.979s
MidedgeAve [26] 5.380 76 (2.213s) -5.564 3.331 93 (105.898s) NaN

ABAQUS S4R 6.012 106 -5.902 3.406 112

Table 3.1: Displacement, Newton iteration and time data for the Can-
tilever under End Shear Force, Hemispherical Shell under Alternating
Radial Forces, and Linear Plate Bending examples. "NaN" represents
numerical issues encountered by the model. The results of ABAQUS
S4R act as reference solutions. Wtip represents the displacement along
the positive Z-direction of the midpoint on the right-hand side of the
cantilever plate. Umin is the maximum displacement along the negative
X-direction and Vmax is the maximum displacement along the positive
Y-direction.

adjacent rows at the clamped end to enforce the hard constraints. The
material parameters are E = 1.2 × 106, ν = 0.1, and h = 0.1. As sum-
marized in Table 3.1, the FP, FS, SP, and SS models demonstrate superior
accuracy compared to others. The MidedgeTan and MidedgeSin formu-
lations, which offer the second-highest accuracy, are nearly five times
slower than the FP, FS, SP, and SS models, thanks to their constant bend-
ing energy Hessians. The EP and ES models rank third in accuracy, out-
performing the MidedgeAve model. While the quadratic and cubic shell
models are fast, they produce smaller deflections due to the overesti-
mation of bending energy. If we scale down the bending energy of the
Quadratic and Cubic Shell models, they can predict deflections compa-
rable to those of the EP model. Among the present models, EP, FP and
SP, specifically designed for initially flat shell configurations, perform
slightly better in terms of accuracy and speed compared to ES, FS and
SS, which can handle both initially flat and curved shell configurations.

Hemispherical Shell Subjected to Alternating Radial Forces. To test the
performance of the initially curved shell models, a hemispherical shell
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(a) Cantilever plate (b) Hemisphere shell
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Figure 3.9: Geometrically nonlinear benchmarks test. (a) Cantilever plate
(51 nodes) subjected to an end shear force F and (b) hemisphere shell
with a 18◦ cut (1088 nodes) subjected to alternating radial forces P are
tested to evaluate the accuracy and efficiency of different bending for-
mulations in geometrically nonlinear analysis [180]. The green structure
with a white wireframe represents the deformed configuration, while
the black wireframe illustrates the undeformed configuration for com-
parison. X − Y − Z is the global Cartesian frame.

with radius R = 10 and an 18◦ circular cutout at the pole is considered.
The shell is subjected to alternating radial point forces of P = 200 at 90◦

intervals (see Figure 3.9). Two point forces along the X-axis induce com-
pression, while two along the Y-axis induce tension. To minimize bound-
ary condition effects across different formulations, the entire shell struc-
ture is analyzed instead of only a quarter section. Boundary conditions
are applied as follows: for nodes lying in the Y−Z plane, the X-direction
dofs are fixed; for nodes in the X − Z plane, the Y-direction dofs are
fixed. Additionally, for nodes on the top circular cut that lie in the Y − Z
plane, the Z-direction dofs are constrained to ensure equivalence with
the benchmark case provided in [180]. The shell geometry is discretized
into 1088 nodes. The material parameters are E = 6.825 × 107, ν = 0.3,
and h = 0.04. As shown in Table 3.1, the ES model outperforms the cu-
bic shell models in terms of accuracy. However, the ES model deviates
from the reference solution more than the others. While the MidedgeTan
and MidedgeSin models provide more accurate results overall, the FS
and SS models deliver competitive accuracy with nearly four times the
computational speed of the MidedgeTan and MidedgeSin models.
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3.4.2 Qualitative Tests

In this subsection, the material properties of a 100% cotton fabric [100]
are used: area density ρ = 0.1503, thickness h = 3.18 × 10−4, Young’s
modulus E = 8.21× 105, and Poisson’s ratio ν = 0.243. The gravitational
acceleration is set to 9.81, and a friction coefficient of 0.4 is employed
where applicable. For elastodynamic simulations, the time step is 0.04.

EP FP SP

SS

1

ES FS

Figure 3.10: Cloth on rotating sphere. The images (the 100th frame) show
the cloth’s response to being dropped onto a sphere rotating on a flat
floor. The cloth discretized by 85,451 nodes is pulled inward by fric-
tion, generating a complex structure of wrinkles and folds. The top
row (lighter) illustrates the cloth behaviour for corotational edge-based
hinge thin plate (EP), corotational FVM hinge thin plate (FP), and coro-
tational smoothed hinge thin plate (SP) models, while the bottom row
displays results for corotational edge-based hinge thin shell (ES), corota-
tional FVM hinge thin shell (FS), and corotational smoothed hinge thin
shell (SS) models, highlighting the robustness of each formulation in the
cloth benchmark.

Cloth on Rotating Sphere. This test evaluates the robustness of the
present formulations (EP, ES, FP, FS, SP and SS) under extreme stress-
test conditions, such as tight wrinkling, friction, and contact processing.
In this test, a 1 × 1 square cloth with 85,451 nodes drops onto a ϕ0.2
sphere rotating a fixed horizonal floor about its vertical axis at an angular
speed π. As the sphere rotates, friction draws the cloth inward, creating
a complex structure of wrinkles and folds that capture fine details of the
cloth’s behaviour (see Figure 3.10).
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ES FS SS

1

Figure 3.11: Twisted cylinder. The the simulation (the 10th frame) shows
a cotton cylinder with width 1 and ϕ0.5 (87,600 nodes). The cylin-
der is twisted at π/5 while the ends are drawn together at 5 × 10−3.
Contact barrier is triggered at a threshold 1 × 10−3, and gravity is ex-
cluded to prevent sagging, resulting in pronounced wrinkling and fold-
ing, demonstrating the robustness of the present models with initially
curved geometry. From left to right, the simulated frames are respec-
tively generated by the corotational edge-based hinge thin shell (ES),
corotational FVM hinge thin shell (FS), and corotational smoothed hinge
thin shell (SS) models.

Twisted Cylinder. In this test, a cotton cylinder (width 1 and ϕ0.5)
modelled by 87,600 nodes is simulated. The IPC [99] contact force is acti-
vated at a threshold distance of 1× 10−3. The cylinder is twisted at a rate
of π/5 while the two sides are simultaneously brought together at a rate
of 5 × 10−3. Gravity is excluded from the simulation to prevent sagging.
As illustrated in Figure 3.11, global wrinkling and folding effects emerge
as the cylinder is deformed, showcasing the ability of the present models
(ES, FS and SS) to handle initially curved geometry robustly. It’s worthy
to mention that the SS model generates 20 wrinkles, but ES and FS both
give 19 waves.

3.5 Conclusion

In this chapter, the present edge-stenciled models (EP and ES) are more
accurate compared to the quadratic and cubic shell models. The for-
mulations of quadratic thin plate/shell (QTP/QTS), a variation of the
present EP/ES that quantifies the curvature operator in the global Carte-
sian frame, are provided in Appendix F. By introducing the formulations
of QTP/QTS, the accuracy discrepancy between the present EP/ES mod-
els with the quadratic/cubic Shells [8, 59] is clarified in Appendix F. Like
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the quadratic and cubic shell models, the EP and ES models are compu-
tationally efficient. However, they share the same limitations common to
all edge-based hinge bending models in Chapter 2, as also discussed by
Grinspun et al. [65]. The present triangle-centered models (FP, FS, SP and
SS) partially address the mesh dependency issue (as defined in Section
1.1.4). Among these models, FP and FS exhibit slightly stronger mesh
dependency than SP and SS, which benefit from the smoothing effect of
quadratic interpolation functions. These differences are demonstrated in
the linear plate bending benchmark (Figure 3.8), where three representa-
tive mesh structures are tested, and SP and SS show more consistent con-
vergence behavior across these mesh configurations. For practical ap-
plications, the triangle-centered stencil models (FP/FS/SP/SS) are more
tolerant of mesh irregularity than the edge-stenciled models (EP/ES).
When mesh quality cannot be tightly controlled, SP or SS are preferred
due to the smoothing effect of quadratic interpolation. Nevertheless, the
present models are constrained by small-strain and small-curvature as-
sumptions, and a failure arises when the hinge angle between a flap
triangle and the central triangle exceeds 90◦, resulting in an underesti-
mation of the bending energy. This underestimation originates from the
fact that once the transverse displacement of the flat nodes relative to the
plane of the central triangle surpasses 90◦, it begins to decrease, whereas
the hinge angle continues to increase. Adaptive mesh refinement [49,
67, 127, 176] can be employed to reduce the hinge angle. Despite these
assumptions, the use of a corotational approach to handle large displace-
ments and rotations offers significant advantages, allowing the bending
energy Hessian to remain constant in Newton-type implicit solvers. In
the quasi-static simulations, a basic Newton solver is employed to eval-
uate the quantitative performance of different bending formulations in
comparison to the shell element provided in ABAQUS. Therefore, it is
recommended to integrate these formulations into a more robust and
well-designed solver to fully exploit their efficiency in practical applica-
tions.

Owing to their simplicity, accuracy, efficiency, and generality, the
present bending models are expected to serve as valuable additions to
existing thin plate and shell libraries for simulating thin flexible objects,



3.5. Conclusion 91

and the implementation has been released as open-source.
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Chapter 4

Smoothed-Hinge Membrane
Model for Mitigating Sharp
Creasing Artifact in Cloth
Simulation

4.1 Introduction

Sharp creasing artifacts predicted by the numerical model can signif-
icantly reduce the fidelity of cloth simulation [100]. Although “non-
physical sharp folds” and “sharp creasing artifacts” differ in terminol-
ogy, they refer to the same visual phenomenon. For consistency, the
sharp creasing artifacts is adopted in this thesis.

Strain limiting method for mitigating sharp creasing artifacts

For cloth simulations based on the mass–spring model, each spring
undergoes either tension or compression, corresponding to tensile and
compressive strains. The strain limiting method restricts these strains
within certain bounds [147, 20, 19]. For cloth simulations based on the
CST membrane element, strain limits are typically applied to the princi-
pal values of the membrane strain tensor [189, 186, 200]. In the Arcsim
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simulator [127], strain limiting is formulated as a set of inequality con-
straints for each triangular membrane element and solved using an aug-
mented Lagrangian method. In this simulator, the stretching and com-
pression are enforced bilaterally. Considering that real fabrics resist ten-
sion but not compression, and exhibit weak stiffness under small strains
followed by rapid stiffening beyond a material-specific threshold. Jin et
al. [81] proposed constraining excessive stretching while leaving com-
pressive strain unrestricted. This unilateral constraint is only activated
when the stretching strain reaches its limit, reducing the risk of over-
constraining the system compared to bilateral constraint. Implemented
using an interior point method [129], this approach effectively controls
overstretching and artificially stiffened bending behavior in mass-spring
cloth simulations.

More recently, Li et al. [100] demonstrated that sharp creasing arti-
facts appeared in a cloth draping case. The artifacts were showed us-
ing their C-IPC simulator with real-world material parameters from [33,
136], and the Arcsim simulator [127] with material parameters from [201].
Both C-IPC and Arcsim use the same underlying computational models:
the CST membrane model and the edge-based hinge-bending model [19,
66]. To mitigate sharp creasing artifacts, Li et al. proposed a consti-
tutive strain limiting potential that integrates strain limiting constraints
into the overall energy potential, transforming the constrained optimiza-
tion problem into an unconstrained one solved using the interior point
method. However, the constitutive potential requires expensive back-
tracking line search filtering and numerical eigendecomposition in the
nonlinear solving procedure. To avoid these costs, Huang et al. [74] in-
troduced a cubic inexact strain limiting potential with analytic eigen-
systems, eliminating the need for filtering while maintaining efficiency.
Li et al. also observed that when the strain limit is set extremely low,
sharp creasing artifacts remain difficult to suppress. They recommend
further investigation into the underlying computational model of mem-
brane components as a promising direction for future improvement.

Computational models for mitigating sharp creasing artifacts

English and Bridson [45] modeled cloth as a developable surface
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by assigning element dofs to the midedge nodes of triangle edges rather
than the vertices, and enforced zero membrane deformation by constrain-
ing the distances between these midedge nodes using Lagrange multi-
pliers. However, this element requires coupling with a ghost triangle
for collision handling. Quaglino [149] introduced a linear membrane tri-
angle and a discrete linear strain triangle. They both show promising
potential for cloth simulation. However, the formulations of these two
triangles require solving a buckling problem for each mesh edge to en-
force isometry constraint, a process that is computationally intensive and
incompatible with implicit solvers. More recently, Sze and Zhou [176]
observed that when the CST membrane element is combined with their
rotation-free triangle, non-physical sharp folds may appear in fabric drap-
ing simulations. This issue was effectively alleviated by enhancing the
3-node displacement interpolation in the CST with a 6-node interpola-
tion that involves all nodes in the rotation-free triangle. Previously, Flo-
res and Oñate [55] also proposed a six-node displacement interpolation
for deriving the membrane element in their rotation-free triangle ele-
ment, and applied it successfully in both meta-forming [55] and fabric
drape [53] simulations.

In this chapter, sharp creasing artifacts will be revisited in the con-
text of CST membrane element combined with the hinge-bending model
in Chapter2, as well as with the EP, FP, and SP models in Chapter 3.
Similar artifacts are also observed when CST is combined with the ES,
FS, and SS models; only their thin plate formulations (EP, FP and SP)
will be discussed. Furthermore, a six-node interpolated position with
an averaged strain scheme for the membrane model will be introduced
as a potential solution for mitigating the sharp creasing artifacts. Both
quantitative and qualitative numerical tests will be presented to show
the efficacy of the present computational model. This chapter is based
on the results originally reported in [105], with additional analysis and
discussion included here.
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Figure 4.1: A triangle-centered stencil in the nature coordinates (ξ, η). I,
I I and I I I in blue are the edge midpoints of the central triangle T123.

4.1.1 Smoothed-hinge Membrane Model

Based on the triangle-centered stencil in the nature coordinates (see Fig-
ure 4.1), the standard quadratic interpolated functions are

N1 = 4ζξ, N2 = 4ξη, N3 = 4ηζ,

N4 =η(2η − 1), N5 = ζ(2ζ − 1), N6 = ξ(2ξ − 1),
(4.1)

where the nature coordinates ξ, η ∈ [0, 1] and ζ = 1 − ξ − η. Thus, the
interpolated initial and current position vectors are

X =
6

∑
i=1

NiXi and x =
6

∑
i=1

Nixi. (4.2)

In cloth simulation, sewing patterns are typically initialized as flat
geometries, allowing the undeformed mesh placed in a plane parallel to
the X − Y plane of the global Cartesian coordinate frame X-Y-Z. Under
this initialization, each triangle can directly adopt the X − Y − Z frame
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to define its material properties. The membrane strain is expressed as

εm =


εmXX

εmYY

2εmXY

 =


1
2

(
FT

XFX − 1
)

1
2

(
FT

YFY − 1
)

FT
XFY

 . (4.3)

Here, FX and FY denote the column vectors of the 3 × 2 deformation
gradient

F =
[

FX FY

]
=
[

∂x
∂X

∂x
∂Y

]
=
[

∂x
∂ξ

∂x
∂η

] [ ∂X/∂ξ ∂X/∂η

∂Y/∂ξ ∂Y/∂η

]−1

.

(4.4)

In a triangle-centered stencil, the interpolated function in Eq.(4.1)
ensures that the gradient at the edge midpoint of central triangle de-
pends only on its four surrounding nodes, providing a unique gradient
at the edge midpoint for the two triangles sharing the same edge [55].
More details can be checked in Appendix I. To consider the contribu-
tions from the neighboring triangles, the averaged membrane strain at
the three edge mid-points is taken to be the membrane strain in the cen-
tral triangle, i.e.

εm̄ =
1
3

I I I

∑
i=I

εi
m, (4.5)

where I, I I and I I I are the edge midpoints, see Figure 4.1. Consequently,
the membrane energy in the central triangle is

Ψs
m =

1
2

AεT
m̄Dmεm̄, (4.6)

where A is the area of the central triangle.

The gradient of the membrane energy is

∂Ψs
m

∂xe = A
∂εT

m̄
∂xe Dmεm̄, (4.7)

where xs =
[

xT
1 xT

2 xT
3 xT

4 xT
5 xT

6

]T
collects the current nodal po-

sitions of triangle-centered stencil. The gradient of εm̄ can be computed
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by
∂εm̄

∂(xs)T =
1
3

I I I

∑
i=I

∂εm

∂(xs)T |i, (4.8)

where the gradient of εm is

∂εm

∂(xs)T =


FT

X
∂FX

∂(xs)T

FT
Y

∂FY
∂(xs)T

FT
Y

∂FX
∂(xs)T + FT

X
∂FY

∂(xs)T

 (4.9)

with the gradients of deformation gradient components ∂FX/∂(xs)T =

BT
FX

⊗ I and ∂FY/∂(xs)T = BT
FY

⊗ I. Here, BFX and BFY are the columns
of

[
BFX BFY

]
=


∂N1
∂X

∂N1
∂Y

...
...

∂N6
∂X

∂N6
∂Y

 =


∂N1
∂ξ

∂N1
∂η

...
...

∂N6
∂ξ

∂N6
∂η


[

∂X/∂ξ ∂X/∂η

∂Y/∂ξ ∂Y/∂η

]−1

,

(4.10)
where X = ∑6

i=1 NiXi and Y = ∑6
i=1 NiYi are the interpolated coordinates

of interpolated initial position X in Eq.(4.3).

The Hessian of the membrane energy is

∂2Ψs
m

∂xs∂(xs)T =
∂εT

m
∂xs DT

m
∂εm

∂(xs)T + εT
mDT

mvec(
∂2εm

∂xs∂(xs)T ), (4.11)

where the vectorized Hessian of membrane strain is

vec(
∂2εm̄

∂xs∂(xs)T ) =
1
3

I I I

∑
i=I

vec(
∂2εm

∂xs∂(xs)T )|i (4.12)

with

vec(
∂2εm

∂xs∂(xs)T ) =


∂FT

X
∂xs

∂FX
∂(xs)T

∂FT
Y

∂xs
∂FY
(xs)T

∂FT
Y

∂xs
∂FX

∂(xs)T +
∂FT

X
∂xs

∂FY
∂(xs)T

 . (4.13)

It should be mentioned that the boundary triangles are conveniently
adopted by the CST elements.
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Node X Y Z
1 -0.26272011 -0.08827895 0.00000000
2 -0.25765348 -0.06650603 0.00000000
3 -0.23353052 -0.09670550 0.00000000
4 -0.22901440 -0.06075549 0.00000000
5 -0.25724816 -0.11300337 0.00000000
6 -0.28291058 -0.06896079 0.00000000

Table 4.1: Coordinates of a triangle-centered stencil for the simple drape
test in Section 4.2.1.

4.2 Numerical Tests

This section illustrates the efficacy of the smoothed-hinge membrane
model in mitigating sharp creasing artifacts. All cases utilize the cotton
material parameters from [100] and are implemented in the C-IPC code-
base [100] with elastodynamic simulation. SI units are employed. The
material properties of a 100% cotton fabric [100] are used: area density
ρ = 0.1503, thickness h = 3.18 × 10−4, Young’s modulus E = 8.21 × 105,
and Poisson’s ratio ν = 0.243. The gravitational acceleration is set to
9.81, and a friction coefficient of 0.4 is employed where applicable. For
elastodynamic simulations, the time step is 0.04.

4.2.1 Quantitative Tests

A simple drape test

In this case, a triangle-centered stencil subjected to a downward uniform
load is considered. The initial nodal coordinates of the stencil given in
Table 4.1 are arbitrarily chosen for testing purposes. Nodes 1 to 5 are on
the Z = 0 horizontal plane and only node 6 is free. To produce noticeable
deformation, the magnitude of the load is set to 500 times of the weight.
Four bending models, including the hinge-bending model, EP, FP, and
SP, are combined with either the CST or the smoothed-hinge membrane
model for comparative evaluation. As shown in Figure 4.2 and Fig-
ure 4.3, for all bending models, the maximum transverse displacement
of node 6 is markedly smaller when coupled with the smoothed-hinge
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Figure 4.2: Comparison of four bending models (hinge-bending, EP, FP,
and SP) combined with either the CST or smoothed hinge membrane
(SM) model. In each subfigure, the black outline indicates the initially
flat configuration, the red outline shows the deformation with the SM
model, and the blue outline shows the deformation with the CST model.
In all cases, the transverse displacement of node 6 is smaller when using
the SM model is employed.
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Figure 4.3: Transverse displacements of node 6, see Figure 4.2, predicted
by different combinations of bending models (hinge-bending, EP, FP and
SP) and membrane models (CST and SM).
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CST-Hinge SM-Hinge

1

Figure 4.4: Draped cloth on a sphere fixed on the floor predicted by
using the hinge-bending model combined with either the CST element
or the smoothed hinge membrane (SM) model. The latter (right figure)
effectively mitigates sharp creasing artifacts.

membrane model than with the CST membrane model. In the triangle-
centered stencil, only triangle T126 can rotate about edge 12, while the
other triangles are constrained. Under this condition, when T126 rotates,
the CST membrane element produces no membrane energy in the cen-
tral triangle T123. In contrast, the smoothed-hinge membrane model does
generate membrane energy in T123 as its interpolation involves six nodes
across four triangles. Compared with the CST membrane element, this
additional membrane energy in the smoothed-hinge model acts as an ex-
tra penalty that helps suppress excessive bending deformation between
adjacent triangles. This observation provides a plausible explanation for
the effectiveness of the smoothed-hinge membrane model in mitigating
sharp creasing artifacts.
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CST-EP SM-EP

1

Figure 4.5: Draped cloth on a sphere fixed on the floor predicted by us-
ing the EP bending model combined with either the CST element or the
smoothed hinge membrane (SM) model. The latter (right figure) effec-
tively mitigates sharp creasing artifacts.

1

CST-FP SM-FP

Figure 4.6: Draped cloth on a sphere fixed on the floor predicted by us-
ing the FP bending model combined with either the CST element or the
smoothed hinge membrane (SM) model. The latter (right figure) effec-
tively mitigates sharp creasing artifacts.
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1

CST-SP  SM-SP

Figure 4.7: Draped cloth on a sphere fixed on the floor predicted by us-
ing the SP bending model combined with either the CST element or the
smoothed hinge membrane (SM) model. The latter (right figure) effec-
tively mitigates sharp creasing artifacts.

4.2.2 Qualitative Tests

Cloth draped on a fixed sphere on the floor

This test revisits the sharp creasing artifact reported by Li et al. [100],
following the original setup: a 1 × 1 square cotton cloth draping over
a ϕ0.3 sphere fixed on the floor. In their study, Li et al. used a com-
putational model which combines the CST membrane element and the
hinge-bending model proposed by Grinspun et al. [66]. When using a
3-node triangular mesh with 8,282 nodes, noticeable sharp creasing ar-
tifacts were observed. Reducing the resolution to 1,939 nodes resulted
in a loss of wrinkling detail and more pronounced artifacts. Increasing
the nodal population to 85,451 effectively alleviated the artifacts; how-
ever, this led to a significantly higher computational cost. Here, the mesh
with 8,282 nodes is used. As shown in Figures 4.4, 4.5, 4.6, 4.7 and 4.8,
noticeable sharp creasing artifacts appear when CST is combined with
the hinge-bending, EP, FP, and SP models. In contrast, these artifacts
are effectively mitigated when the bending models are coupled with
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the smoothed-hinge membrane model. The reason for this improve-
ment is explained in Section 4.2.1. This case further demonstrates that
the smoothed-hinge membrane model provides an effective solution for
suppressing sharp creasing artifacts in cloth simulation.

Garment simulation

As stitching patterns always begin as flat pieces as illustrated in Fig-
ure 4.9(a), the smoothed-hinge membrane model is well-suited for gar-
ment simulation. Only the results using the SP bending model are shown
here, as visual differences among various bending models become diffi-
cult to discern when dense wrinkling occurs, as illustrated in Figures 4.4,
4.5, 4.6 and 4.7. After assembling the garment patterns, a snapshot in
Figure 4.9(b) is taken from a dancing sequence vividly capturing the dy-
namic folds and intricate wrinkle details.

4.3 Conclusion

In this chapter, the formulation of the smoothed-hinge membrane model
is first presented. This membrane model is then combined with the
hinge-bending, EP, FP, and SP bending models introduced in previous
chapters. Using the example of cloth draping over a fixed sphere on the
floor, the model effectively demonstrates its ability to qualitatively miti-
gate sharp creasing artifacts in complex scenarios. Additionally, a simple
drape test with a single triangle-centered stencil provides a quantitative
explanation for suppressing artifacts. Finally, the model is applied to
garment simulation, showcasing its ability in garment design. Overall,
the proposed model enriches the library of high-fidelity computational
tools for cloth simulation.

However, several limitations remain. The current formulation is
specifically designed for initially flat configurations, which are typical
in cloth simulation. Extending the model to more general shell simula-
tions involving initially curved geometries is an important direction for
future work. Moreover, addressing locking phenomena under initially
curved geometries needs further investigation. Additionally, exploring
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(a) CST/SM-Hinge (b) CST/SM-EP

(c) CST/SM-FP (d) CST/SM-SP

Figure 4.8: Zoom-in views illustrate that the smoothed-hinge membrane
(SM) model effectively mitigates sharp creasing artifacts compared with
the CST membrane element.
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1

(a) Staged garment patterns

1

(b) Back view of a character

Figure 4.9: (a) Garment patterns are staged on a mannequin. (b) Af-
ter stitching, the garment details are vividly simulated in a dancing se-
quence.
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alternative strain interpolation schemes may also offer further improve-
ments in mitigating sharp creasing artifacts. When comparing the same
drape problem simulated with CST and SM, the non-physical sharp folds
largely disappear with SM, and the remaining wrinkles match the daily
perception of draped cloth more closely. However, the qualitative tests
suggest that the SM model may introduce additional membrane stiffness
compared to the CST element, resulting in fewer wrinkles overall. A real-
world experimental solution would provide a more definitive bench-
mark; however, since draped cloth exhibits multiple stable equilibrium
configurations, establishing a reproducible and unambiguous ground-
truth configuration for comparison remains an open challenge.
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Chapter 5

Modeling and Simulating
Origami Structures using
Solid-Shell Elements

5.1 Introduction

Origami, rooted in the ancient art of paper folding, has evolved into
a multidisciplinary field of science and engineering. As origami struc-
tures have transitioned from rigid panels to deformable panels exhibit-
ing complex multi-physics responses, there is a growing need for sim-
ulation techniques that can accurately predict both their geometric and
physical behaviors.

Origami simulation methods can be broadly classified into kinematics-
based and mechanics-based ones. Kinematics-based methods [181] as-
sume the panels are rigid, enabling folding angles only as variables to
describe deformation. These methods are computationally efficient but
cannot consider panel deformations. Mechanics-based methods relax
the rigidity assumption, allowing membrane and bending deformations
of the panel. Similar to the mass–spring model in cloth simulation [2, 20],
the widely used bar-hinge model [157, 108] suffers from mesh-dependent
issues in which material parameters vary with mesh density and are not
easily transferable across different mesh topologies. Discrete shell mod-
els [66, 23] improve membrane accuracy of the origami panels but still
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exhibit mesh-dependent bending behavior. Other discrete and ruling-
based models [150, 165] impose strict isometry constraints, making them
difficult to consider physical constitutive laws. In [72], the warping en-
ergy of the geometric nonlinear three-dimensional membrane element is
derived using a corotational approach.

In parallel, solid-shell elements were originally developed as three-
dimensional continuum-based elements for plate and shell analysis. Like
the aforementioned discrete shell models, these elements do not require
nodal rotational degrees of freedom and are capable of handling larger
load or displacement increments compared to conventional finite shell
elements [170].

Motivated by these developments, this chapter presents a novel com-
putational framework for origami simulation that employs quadrilateral
solid-shell elements. The main developments are as follows:

• Bilinear and biquadratic geometric nonlinear quadrilateral solid-
shell elements, extended from [171], are developed. The various
locking phenomena in the elements are effectively alleviated by the
assumed natural strain (ANS) method.

• A crease model is proposed based on the director vectors of the
solid-shell elements.

This chapter is based on the results originally reported in [104], with
additional analysis and discussion included here.
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Figure 5.1: The bilinear (4-node) and biquadratic (9-node) solid-shell
elements. Nodes are located on the mid-surface.

5.2 Computational Models for Origami Simu-
lation

5.2.1 Solid-Shell Element

Consider a quadrilateral solid-shell element with nodes on its mid-surface
(see Figure 5.1), the interpolated initial position vector X and displace-
ment vector U can be written as:

X = Xo + ζXn = ∑
i

Ni(ξ, η)Xoi + ζ ∑
i

Ni(ξ, η)Xni,

U = Uo + ζUn = ∑
i

Ni(ξ, η)Uoi + ζ ∑
i

Ni(ξ, η)Uni,
(5.1)

where the summation is over the element nodes; Ni is the interpolation
function of the i-th node; Xo = [Xo, Yo, Zo]T and Xn = [Xn, Yn, Zn]T are
the initial mid-surface position and director vectors, respectively, Uo =

[Uo, Vo, Wo]T and Un = [Un, Vn, Wn]T are the mid-surface and director
displacement vectors, respectively. For the bilinear element,

N1(ξ, η) =
1
4
(1 − ξ)(1 − η), N2(ξ, η) =

1
4
(1 + ξ)(1 − η),

N3(ξ, η) =
1
4
(1 + ξ)(1 + η), N4(ξ, η) =

1
4
(1 − ξ)(1 + η).

(5.2)
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For the bi-qudratic element,

N1(ξ, η) =
1
4
(ξ − ξ2)(η − η2), N2(ξ, η) = −1

4
(ξ + ξ2)(η − η2),

N3(ξ, η) =
1
4
(ξ + ξ2)(η + η2), N4(ξ, η) = −1

4
(ξ − ξ2)(η + η2),

N5(ξ, η) = −1
2
(1 − ξ2)(η − η2), N6(ξ, η) =

1
2
(ξ + ξ2)(1 − η2),

N7(ξ, η) =
1
2
(1 − ξ2)(η + η2), N8(ξ, η) = −1

2
(ξ − ξ2)(1 − η2),

N9(ξ, η) = (1 − ξ2)(1 − η2).

(5.3)

In general, the initial nodal director Xni is specified to be the vector per-
pendicular to the actual initial mid-surface which may be different from
the interpolated initial mid-surface. Apparently, there are six dofs per
node in the mid-suface from Uoi and Uni. The natural or parametric
coordinates (ξ, η, ζ) are bounded by -1 and 1. The membrane, bending,
transverse shear and thickness strain components with respect to the nat-
ural coordinates are

εmαβ =
1
2
(
XT

o,αUo,β + XT
o,βUo,α + UT

o,αUo,β
)
,

εbαβ =
1
2
(
XT

n,αUo,β + XT
o,αUn,β + XT

n,βUo,α + XT
o,βUn,α

+UT
n,αUo,β + UT

o,αUn,β
)
,

γζα = XT
n Uo,α + XT

o,αUn + UT
n Uo,α, εζζ = XT

n Un +
1
2

UT
n Un,

(5.4)

where α, β = ξ, η. They are often termed as natural strains. These strain
components are derived from Eqs.(1.8), (1.24), and (1.25) in Chapter 1;
the derivation details are provided in Appendix B.

With respect to the local Cartesian coordinates (X̃, Ỹ, Z̃) with the X̃-
Ỹ-plane tangential to the initial mid-surface, the strain transformation
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relations can be expressed as:

εm =


εmX̃X̃

εmỸỸ

2εmX̃Ỹ

 = Tmb


εmξξ

εmηη

2εmξη

 , εb =


εbX̃X̃

εbỸỸ

2εbX̃Ỹ

 = Tmb


εbξξ

εbηη

2εbξη

 ,

γ =

{
γzx

γzy

}
= Ts

{
γζξ

γζη

}
, εzz = Ttεζζ

(5.5)
in which Tmb, Ts and Tt are derived in Appendix C. The above transfor-
mation relations are exact when ζ and Z̃ are parallel. Following Eq.(1.40),
the element strain energy can be written as

Ψe
ss =

1
2

∫ 1

−1

∫ 1

−1
(εT

mDmεm + εT
b Dbεb + γTDsγ + Dtε

2
zz) Jodξdη, (5.6)

where the Jacobain determinant

J =
[

∂X
∂ξ

∂X
∂η

∂X
∂ζ

]
(5.7)

for global Cartesian coordinates (X, Y, Z) and (ξ, η, ζ) is approximated
by Jo = J|ζ=0. The stiffness matrices Dm, Db, Ds and Dt are defined in
Eq.(1.20) and Eq.(1.38). Full numerical integration over the ξ–η plane is
performed using 2 × 2 and 3 × 3 Gaussian quadrature schemes for the
bilinear and biquadratic elements, respectively.

It is well-known that solid-shell elements are prone to membrane,
shear and thickness lockings due to the excessive enforcements of the
zero membrane, transverse shear and thickness strains in thin shells.
While membrane locking can be neglected in lower-order elements such
as the present bilinear one, it is alleviated in the biquadratic element
through the ANS method [173]. For both bilinear and biquadratic ele-
ments, shear and trapezoidal locking can be mitigated by ANS in which
the relevant natural strain components are interpolated at judiciously
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Figure 5.2: The sampling points of the bilinear solid-shell element. ◦
denotes the node, × denotes the sampling point for εANS

ζζ , • and • denote
the sampling points for γANS

ζξ and γANS
ζη , respectively.

selected sampling points. The sampling scheme for the bilinear ele-
ment [42, 171] is

γANS
ζξ =

(1 − η)

2
γζξ

∣∣∣∣
ξ=0, η=−1

+
(1 + η)

2
γζξ

∣∣∣∣
ξ=0, η=+1

,

γANS
ζη =

(1 − ξ)

2
γζη

∣∣∣∣
ξ=−1, η=0

+
(1 + ξ)

2
γζη

∣∣∣∣
ξ=+1, η=0

,

εANS
ζζ =

4

∑
i=1

Ni(ξ, η) (εζζ)i.

(5.8)

The sampling scheme of the biquadratic element follows the quadratic
case of the generic assumed natural strain formulation proposed in [173]
in which assumed natural strain and stabilized Lobatto-Lagrange C0 plate/
shell elements of order ≥ 2 were presented. The assumed in-plane strain
components are

εANS
ξξ =

2

∑
m=1

3

∑
n=1

L(m)
rd (ξ)L(n)

f l (η)εξξ |ξ=r(m),η=s(m) ,

εANS
ηη =

3

∑
n=1

2

∑
m=1

L(n)
f l (ξ)L(m)

rd (η)εηη|ξ=r(n),η=s(m) ,

εANS
ξη =

2

∑
m=1

2

∑
n=1

L(m)
rd (ξ)L(n)

rd (η)εξη|ξ=r(m),η=s(m) ,

(5.9)
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where the subscript rd and f l distinguish the reduced and full Lagrange
interpolation functions, respectively, defined along a single natural coor-
dinate direction. The assumed transverse strain components are

γANS
ζξ =

2

∑
m=1

3

∑
n=1

L(m)
rd (ξ)L(n)

f l (η)γζξ |ξ=r(m),η=s(m) ,

γANS
ζη =

3

∑
n=1

2

∑
m=1

L(n)
f l (ξ)L(m)

rd (η)γζη|ξ=r(n),η=s(m) ,

εANS
ζζ =

9

∑
i=1

Ni(ξ, η) (εζζ)i.

(5.10)

Here, Ni and (εζζ)i denote the interpolation function of and natural thick-
ness strain at the i-th element node, respectively. The superscripts (m)

and (n) label the sample coordinates. In addition, the Lagrangian inter-
polation functions are

L(i)
rd (τ) =

1−
√

3τ
2 , i = 1

1+
√

3τ
2 , i = 2

, L(j)
f l (τ) =


1
2 τ(τ − 1), j = 1

1 − τ2, j = 2
1
2 τ(τ + 1), j = 3

, (5.11)

and the sampling coordinates are

τ(i) =

− 1√
3
, i = 1

1√
3
, i = 2

, τ(j) =


−1, j = 1

0, j = 2

1, j = 3

. (5.12)

Here, τ = r, s and i, j = m, n.

The assumed natural strains in Eq. (5.8) for the bilinear solid-shell
element, and in Eqs. (5.9) and (5.10) for the biquadratic solid-shell el-
ement, are respectively substituted into Eq. (5.5) to replace the natural
strains, thereby yielding the element strain energy Ψe

ss in Eq. (5.6). In the
nonlinear solution procedure, gradient and Hessian of Ψe

ss with respect
to the element vector of nodal dofs are required. They are presented in
Appendix H.
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Figure 5.3: The sampling points of the biquadratic solid-shell element. ◦
denotes the node, × denotes the sampling point for εANS

ζζ , • denotes the
sampling points for εANS

ξξ and γANS
ζξ . • denotes the sampling points for

εANS
ηη and γANS

ζη . • denotes the sampling points for εANS
ζζ .

5.2.2 Crease Model

The origami structure is formed by folding a flat sheet of material. Thus,
the initial mid-surface position vector Xo and director vector Xn along
the common crease between elements “a” and “b” (refer to Figure 5.4)
meet the conditions XT

o,sXn = 0 and Xa
n = Xb

n = Xn where s ∈ [−1, 1] is
the non-dimensional coordinate along the crease. For the two elements,
the transverse shear strains along the crease are

γa
ζs = (Xo + Uo)

T
,s(X

a
n + Ua

n), γb
ζs = (Xo + Uo)

T
,s(X

b
n + Ub

n). (5.13)

which are valid only when the orthogonality condition XT
o,sXn = 0 is as-

sumed. The penalty enforcement of the zero shear strain implies that the
components of displaced directors, i.e. Xa

n + Ua
n and Xb

n + Ub
n along the

running direction of the displaced creased (Xo + Uo),s, vanish approxi-
mately. Let

p = Xa
n + Ua

n, q = Xb
n + Ub

n. (5.14)

The penalty enforcements of zero thickness and transverse shear strain
imply that angle between p and q can be used approximately as the fold
angle θ of the crease (see Figure 5.4). When the assumed natural strain
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Figure 5.4: Solid-shell elements at two sides of a crease. The fold angle
θ is the angle between the directors p and q of elements "a" and "b".

method is used to sample the natural transverse shear strain, the approx-
imation is expected to be most accurate at the relevant strain sampling
point.

In terms of the non-dimensional coordinate s along the crease, the
interpolated Xo, Uo, Xa

n, Xb
n, Ua

n, and Ub
n can be expressed as

(Xo, Uo, Xa
n, Xb

n, Ua
n, Ub

n) = ∑
i

Li(Xoi, Uoi, Xa
ni, Xb

ni, Ua
ni, Ub

ni), (5.15)

where the interpolation functions Lis for the bilinear element are

L1 =
1 − s

2
, L2 =

1 + s
2

, (5.16)

and for the biquadratic element are

L1 =
1
2

s(s − 1), L2 =
1
2

s(s + 1), L3 = 1 − s2. (5.17)

Although Xo and Uo are common to both elements, p and q can vary
independently. The folding at the crease can be characterized by the fold
angle

θ =

cos−1 p·q
pq for (p × q) · (xo2 − xo1) ≥ 0

− cos−1 p·q
pq otherwise

(5.18)
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where p = ∥p∥ and q = ∥q∥. In the case that the two elements are flat, θ

ranges from [−π, π] with θ = ±π indicating that the elements are fully
folded.

To prevent the physically inadmissible self-intersecting configura-
tion of the fully folded Miura-ori case in Section 5.3.1, the following fold-
ing energy

Ψe
f = l



1
2

k f (θ0 − θL)
2 + k f (θ0 − θL)(θL − θ)

−
4k f (θL + π)2

π2 ln
∣∣∣∣cos

(
π(θL − θ)

2(θL + π)

)∣∣∣∣ −π < θ < θL

1
2

k f (θ − θ0)
2 θL ≤ θ ≤ θR

1
2

k f (θR − θ0)
2 + k f (θR − θ0)(θ − θR)

−
4k f (π − θR)

2

π2 ln
∣∣∣∣cos

(
π(θ − θR)

2(π − θR)

)∣∣∣∣ θR < θ < π

(5.19)
is adopted. Here, k f is the fold stiffness per unit length of the crease [108],
and l =

∫ +1
−1 |X,s|ds is the crease length, which is evaluated using one-

point Gaussian integration for the bilinear element and two-point Gaus-
sian integration for the biquadratic element. The integration points echoes
the ANS sampling points. Within the interval [θL, θR], the energy exhibits
a standard quadratic behavior centered at the rest angle θ0. Outside this
range, the logarithmic term grows rapidly to impose strong penalty on
configurations approaching θ = ±π, thereby effectively preventing self-
intersection (see Figure 5.5).

The nodal dofs vector associated with the linearly interpolated crease
is

dc =
[
(Ua

n1)
T (Ub

n1)
T (Ua

n2)
T (Ub

n2)
T
]T

, (5.20)

whereas for the quadratically interpolated crease is

dc =
[
(Ua

n1)
T (Ub

n1)
T (Ua

n2)
T (Ub

n2)
T (Ua

n3)
T (Ub

n3)
T
]T

. (5.21)
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Figure 5.5: Nonlinear behavior of the folding energy. The limit angles θL
and θR are tunable.

From the chain rule and the interpolation in Eq.(5.13),

∂

∂Ua
ni

=
∂(Ua

n)
T

∂Ua
ni

∂

∂Ua
n
= Li

∂

∂Ua
n

,
∂

∂Ub
ni

=
∂(Ub

n)
T

∂Ub
ni

∂

∂Ub
n
= Li

∂

∂Ub
n

, (5.22)

the gradient of the fold angle with respect to Ua
n and Ub

n are:

∂θ

∂Ua
n
=

p̂ × r̂
p

,
∂θ

∂Ub
n
=

r̂ × q̂
q

, (5.23)

where p̂ = p/p, q̂ = q/p and r̂ = p̂ × q̂/ sin θ. The derivation of
the fold-angle gradient follows the same procedure as that of the edge-
stenciled hinge model in Section 2.2.4. The distinction between the two
arises from the definitions of p and q in 2.14 and 5.14. Similar to Eq.(2.17),
one can get

p3q sin θ
∂θ

∂Ua
n
= (p · q)p − p2q. (5.24)

By taking the derivative of both sides of Eq.(5.24) with respect to (Ua
n)

T,
the left-hand side of Eq.(5.24) becomes

∂
(

p3q sin θ ∂θ
∂Ua

n

)
∂ (Ua

n)
T = p3q sin θ

∂2θ

∂ (Ua
n)

T ∂Ua
n
+

∂θ

∂Ua
n

∂
(

p3q sin θ
)

∂ (Ua
n)

T (5.25)
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with

∂
(

p3q sin θ
)

∂ (Ua
n)

T =
∂
(

p3)
∂ (Ua

n)
T · q sin θ + p3 ∂q

∂ (Ua
n)

T · sin θ + p3q
∂(sin θ)

∂ (Ua
n)

T

= 3p2pTq sin θ + p3q cos θ · ∂θ

∂ (Ua
n)

T

,

(5.26)
and the right-hand side in Eq. (5.24) becomes

∂[(p · q)p]

∂ (Ua
n)

T −
∂
(

p2q
)

∂ (Ua
n)

T = (p · q)I + pqT − 2qpT. (5.27)

Substituting Eqs.(5.25)-(5.27) into Eq. (5.24), one can obtain

∂2θ

∂ (ua
n)

T ∂ua
n
=

[
I − 3p̂p̂T − (p̂ × r̂)(p̂ × r̂)T] cos θ + p̂q̂T + q̂p̂T

p2 sin θ
. (5.28)

By taking the derivative of both sides of Eq.(5.24) with respect to (Ub
n)

T,
one can obtain

∂2θ

∂(Ub
n)

T∂Ua
n
=

p̂p̂T + q̂q̂T − I −
[
p̂q̂T + (p̂ × r̂)(r̂ × q̂)T] cos θ

pq sin θ
. (5.29)

Similarly, one can obtain

∂2θ

∂(Ub
n)

T∂Ub
n
=

[
I − 3q̂q̂T − (r̂ × q̂)(r̂ × q̂)T] cos θ + p̂q̂T + q̂p̂T

q2 sin θ
. (5.30)

In addition,
∂2θ

∂(Ua
n)

T∂Ub
n
=

(
∂2θ

∂(Ub
n)

T∂Ua
n

)T

. (5.31)

Furthermore, the gradient of the crease energy is

∂Ψe
f

∂dc
=

∂Ψe
f

∂θ

∂θ

∂dc
, (5.32)

and the Hessian of the crease energy is

∂2Ψe
f

∂dT
c ∂dc

=
∂2Ψe

f

∂2θ

∂θ

∂dc

∂θ

∂dT
c
+

∂Ψe
f

∂θ

∂2θ

∂dT
c ∂dc

. (5.33)
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Here, the gradient of the crease energy with respect to the fold angle θ is

∂Ψe
f

∂θ
= l


k f (θL − θ0) + k f

2(θL+π)
π tan

(
π(θ−θL)
2(θL+π)

)
−π < θ < θL

k f (θ − θ0) θL ≤ θ ≤ θR

k f (θR − θ0) + k f
2(π−θR)

π tan
(

π(θ−θR)
2(π−θR)

)
θR < θ < π

,

(5.34)
and the Hessian of the crease energy with respect to the fold angle θ is

∂2Ψe
f

∂θ2 = l


k f sec2

(
π(θ − θL)

2(θL + π)

)
−π < θ < θL

k f θL ≤ θ ≤ θR

k f sec2
(

π(θ − θR)

2(π − θR)

)
θR < θ < π

. (5.35)

For the bilinear solid-shell element, the graident and Hessian of θ with
respect to dc is

∂θ

∂dc
=


N1∂θ/∂Ua

n

N2∂θ/∂Ua
n

N1∂θ/∂Ub
n

N2∂θ/∂Ub
n

 ,
∂2θ

∂dT
c ∂dc

=


N1∂/∂Ua

n

N2∂/∂Ua
n

N1∂/∂Ub
n

N2∂/∂Ub
n




N1∂θ/∂Ua
n

N2∂θ/∂Ua
n

N1∂θ/∂Ub
n

N2∂θ/∂Ub
n


T

.

(5.36)
For the biquadratic solid-shell element, the graident and Hessian of θ

with respect to dc is

∂θ

∂dc
=



N1∂θ/∂Ua
n

N2∂θ/∂Ua
n

N3∂θ/∂Ua
n

N1∂θ/∂Ub
n

N2∂θ/∂Ub
n

N3∂θ/∂Ub
n


,

∂2θ

∂dT
c ∂dc

=



N1∂/∂Ua
n

N2∂/∂Ua
n

N3∂/∂Ua
n

N1∂/∂Ub
n

N2∂/∂Ub
n

N3∂/∂Ub
n





N1∂θ/∂Ua
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n



T

.

(5.37)

5.3 Numerical Tests

The presented computational models can be implemented in most, if not
all, finite element programs. This chapter uses a damped Newton solver
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Figure 5.6: A Miura-ori unit cell.

with the adaptive increment method [209]. In the tests below, SI units
are used in expressing all material and geometric parameters. The quan-
titative validation includes two benchmark tests with known analytical
solutions. Subsequently, a series of qualitative tests are provided to il-
lustrate the applicability to more complex scenarios. "BLSS" and "BQSS"
denote the bilinear and biquadratic solid-shell elements, respectively.

5.3.1 Quantitative Tests

Compressing the Miura-ori unit cell

The geometry and folding kinematics of the Miura-ori unit cell play a
crucial role in the design and mechanical analysis of metamaterials. A
Miura-ori unit cell formed by 4 panels is illustrated in Figure 5.6. During
the folding process, the panels are rigid and the analytical solution is
given by [156], i.e.

H = a sin β sin γ,

L = 2b
cos γ tan β√

1 + cos2 γ tan2 β
, W = 2a

√
1 − sin2 γ sin2 β. (5.38)
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Figure 5.7: The semi-width W and the height H plotted against the fold-
ing ratio L/b, see Figure 5.6. The predictions yielded by BLSS and BQSS
are graphically indistinguishable from the analytical solutions.

For the Miura-ori unit cell in Figure 5.6, the parameters a = 2, b = 2,
and γ = 60◦. The current configuration of the unit cell can be charac-
terized by the dihedral angle β between the parallelogram panels and
the X − Y plane. To model the Miura-ori unit cell as a "rigid origami"
system—consisting of rigid panels connected by compliant hinges—the
penalty approach in [108] is employed by setting the bending stiffness of
the panels to be 105 times greater than the folding stiffness. The material
parameters used are E = 12 × 109, ν = 0.3, h = 0.01, and k f = 0.01.
To avoid buckling, β in the initial configuration is set to be 15◦, making
the Miura-ori unit cell nearly flat. The boundary conditions are imposed
as follows: Uo = 0 at node O; Uo = 0 along OAB; Wo = 0 along OCE
and BDG; Uo = −3.44 is prescribed along EFG so as to further compress
the unit cell. Figure 5.7 plots the semi-width W and hieght H against the
folding ratio L/b, the results yielded by both BLSS and BQSS are graph-
ically indistinguishable from the analytical solution.
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Figure 5.8: The annular sector extracted from the cone with apex angle
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The annular sector was folded along the red arc, leading to curved-crease
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Folding an annular sector into two conic surfaces

Following [208, 207], an annular sector of inner and outer radii equal to
R ± a is cut from a cone with apex angle ϕ (see Figure 5.8). It is then flat-
tened and fold along the red curved crease with radius R into a curved-
crease structure. The bending energy of the annular region on the right
cone surface is

Ψb =
1
2

∫
Ω

kbκ2
p dΩ, (5.39)

where kb = Eh3/12(1 − ν2) is the bending rigidity of an isotropic shell,
Ω is the area of the annular region, and

κp =
1

tan(ϕ/2)
√

1 + tan2(ϕ/2)d
, (5.40)

is the only non-zero principal curvature of the surface. In the expression,
d is the distance from the apex of the cone measured along its height (see
Figure 5.8). Following [207], when the fold angle of the curved-crease
structure is also ϕ = 90◦, the resulting folded shape becomes an exact
segment of a cone.

In the numerical simulation, the geometric and material parameters
are adopted from [207]. These include: R = 0.1, a = 0.005, the length
of the crease is πR/4, E = 4 × 109, ν = 0, and h = 0.1 and the fold-
ing stiffness k f = 0.1 which is typically scaled relative to the bending
stiffness of the shell [96, 51]. The boundary conditions are imposed as
follows: Uo = 0 at node A; Vo = Wo = 0 at node B; Wo = 0 is also
prescribed for all nodes along the inner and outer arcs; Wo = a/

√
2 is

applied to the crease to induce a folding angle of 90◦. It should be noted
that when the annular sector is discretized using BQSS element, the mid-
side nodes of the elements along the crease are unconstrained to avoid
over-constraining each element during the deformation process.

Figure 5.9 shows that the bending energies predicted by BLSS and
BQSS elements rapidly converge to the same value as the mesh is refined.
The BQSS element exhibits a faster convergence rate compared to the
BLSS element. The converged value is slight lower than the analytical so-
lution, as also observed in [208, 207] which attribute this discrepancy to
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present solid-shell elements with the reference solutions obtained from
ABAQUS S4R element.

the boundary conditions, potentially preventing the structure from fully
achieving the curvature of a pure cone. The derivation of the analytical
solution is detailed in Appendix J. The converged result shows a discrep-
ancy of about 2.4% compared with the analytical solution. Building on
this, the accuracy of the solid-shell elements is examined, indicating that
enhancing the fidelity of the crease modeling could be a promising ap-
proach to further reduce the error. This test illustrates the potential of the
present method for simulating and analyzing the curved-crease origami
structures.

Accuracy assessment of the solid-shell elements. A cantilever beam
with dimensions 10 (length), 1 (width) and 0.1 (thickness) is considered.
The material properties are defined by a Young’s modulus of 1.2 × 109

and a Poisson’s ratio of 0. The beam is discretized into 10 quadrilateral
solid-shell elements. For comparison, a reference solution is obtained
using the ABAQUS S4R shell element with a sufficiently fine mesh of
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Figure 5.11: Folding a plate outlined by the grey rectangular mesh along
the red curved line induces significant bending deformation as illus-
trated by the deformed configuration in purple. In the case of BLSS,
the red curve bcomes multilinear. A, B, C, D and E are displaced to A′,
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40 × 4 elements to ensure convergence. Figure 5.10 shows the predicted
vertical and horizontal tip deflections under a shear force ranging from
0 to 4, 000 (2, 000 applied at each tip node) in 10 increments. The results
demonstrate a good agreement between the present elements and the
reference solution.

5.3.2 Qualitative Tests

In this subsection, three qualitative tests will be illustrated. In these tests,
the parameters of the paper plate include E = 3 × 109, ν = 0.3, h =

0.1 × 10−3 and k f = 0.1 which are taken from [72].

Folding a plate with a curved crease

Following [191], a 0.1 × 0.05 paper plate is folded along the red curved
crease in Figure 5.11. The prescribed boundary conditions include: Wo =
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Figure 5.12: (a) The upper figure shows the undeformed mesh of a
Miura-ori structure formed by sinusoidal creases. (b) The upper figure
shows the undeformed mesh of a canopy structure formed by parabolic
creases . In the meshes, red and green lines also indicate mountain and
valley creases, respectively. The deformed structures are portrayed in
purple.

0 along BD and CE; Uo = 0 at nodes D and E; the Vo = 0 at node E is
constrained to prevent rigid body motion. the Wo = −0.35 is prescribed
at node A to induce folding motion. Folding-induced bending is clearly
observed, which highlights a key feature of curved-crease origami.

Origami structures with multiple curved creases

In Figure 5.12a shows a Miura-ori structure formed by folding multiple
sinusoidalcreases whilst Figure 5.12b shows a canopy structure formed
by folding multiple parabolic creases. The initially flat geometry of the
Miura-ori structure in the upper portion of Figure 5.12a consists of two
baseline segments at X = 0 and X = 6, along with seven parabolic
creases defined by Y = 0.5 sin(πX/3) + i, where i = 0, 1, 2, . . . , 6. The
initial geometry of the canopy structure in the upper portion of Fig-
ure 5.12b consists of one baseline at Y = 0 and six downward-opening
parabolic creases given by Yi = −2

3(X − 3)2 + i, where i = 1, 2, . . . , 6.
These geometric configurations are outlined by black lines whilst red
and green lines are mountain and valley creases, respectively. The gray
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lines together with other lines show the meshes employed. In other
words, 144 and 60 elements are employed in the Miura-ori structure and
canopy, respectively. To realize the folded configurations, vertical dis-
placements of Wo = 0.5 and Wo = 0.25 are prescribed to the mountain
creases of the Miura-ori and the canopy structures, respectively, while
Wo = 0 is prescribed along the valley creases of both structures.

Buckled annular

In this test, the buckled state of a annulus [39] is considered. Figure 5.13
shows the flat undeformed annulus. The diameters of the inner, red cen-
tral and outer circles are 0.18, 0.2 and 0.22, respectively. Among them,
the red central circle is a crease. The buckled state is attained by go-
ing through an intermediate state for which the following conditions are
prescribed: Wo = 0 along the inner and outer circles and Wo = 0.005
along the crease. After attaining the intermediate state, Uo = 0 along EF
and GH, Vo = 0 along AMB and CND and Wo = 0.04 at nodes M and N
are prescribed to deform the annulus. Total elastic energies in the inter-
mediate state and the last state are 109.15 × 10−3 and 0.44 × 10−3. As a
result, the present models are able to vividly reproduce the buckled state
observed in the physical experiment in [39] (see Figure 5.13).

5.4 Conclusion

In this chapter, solid-shell elements are introduced to model origami
structures, where the naturally embedded director vectors of the ele-
ments are utilized to model creases. The fold angle in the crease is ap-
proximated computing in terms of the director vectors of the elements.
Origami structures with straight and curved creases are analyzed and
the predictions are in good agreements with the analytical solutions.
These structures may serve as useful tests for validating other origami
simulation tools. Quantitative tests are also presented to demonstrate
the effectiveness of the present computational model, highlighting its
potential for the design and analysis of origami structures.
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The present computational models can be naturally extended to tri-
angular solid-shell elements while continuing to employ director vectors
to model creases, thereby enabling the simulation of origami structures
with curved creases [106], which remain challenging for existing meth-
ods. It can also be extended to higher-order (> 2) elements and crease
representations. Scaling such extensions to large multi-panel assemblies
also raises an implementation challenge: the current scheme assigns the
same number of degrees of freedom to every node based on the most
complex junction in the mesh, forcing all other nodes to carry redundant
unused entries; a variable-length storage scheme in which each node
stores only the degrees of freedom it actually needs would be required
to avoid this overhead. Furthermore, the incorporation of more compre-
hensive contact algorithms would facilitate the simulation of multi-body
interactions in complex folded assemblies.
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Chapter 6

Conclusions and Future Works

6.1 Conclusions

In conclusion, the contributions of this thesis include: (1) a hinge-bending
model and a hinge-folding model; (2) six corotational hinge-based bend-
ing models; (3) a smoothed hinge membrane model for mitigating sharp
creasing artifacts; and (4) bilinear and biquadratic solid-shell elements
incorporating crease models formed by midsurface directors. Except for
the hinge-folding and crease models, the remaining computational mod-
els are different spatial discretizations of continuum plates/shells.

In cloth simulations, a 4-node hinge-bending model based on an
edge stencil is introduced. It obtains the curvature of the cylindrical sur-
face fitted to the hinge and nodes. It is evaluated through commonly
used quantitative tests for hinge-bending models [66, 19, 207], showing
that it is more accurate than the existing models. To improve the effi-
ciency of the hinge-bending model, the small-strain-small-curvature as-
sumption is adopted to quantify the curvature of the cylindrical surface
in a corotational frame. Based on this assumption, a corotational edge-
based hinge curvature operator is formulated, which in turn yields the
corresponding thin plate and shell models (EP and ES). Compared to the
quadratic shell model [8] and cubic shell model [59], the present EP and
ES achieve improved accuracy. The aforementioned models, based on
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edge stencils, are referred to as edge-stenciled models. The edge sten-
cil is probably the most basic geometric structure for discretely approx-
imating smooth geometry [221]. Nevertheless, the edge-stenciled mod-
els have limited capacity to reproduce the curvature of general surfaces,
resulting in the strong mesh dependency issue [65]. To address this is-
sue, the triangle-centered stencil is adopted and the derivation method-
ology used for the EP and ES models is extended. Based on this stencil,
the corotational FVM and smoothed hinge-based curvature operators are
formulated, and their corresponding bending models (FP, FS, SP, and SS)
are derived. Together, these six corotational hinge-based bending mod-
els (EP/ES, FP/FS, and SP/SS) possess the same feature: their bending
energy Hessians are constant, which significantly benefits implicit simu-
lation. In particular, the FP/FS and SP/SS models demonstrate accuracy
competitive with the state-of-the-art DDG shell models [26], while offer-
ing roughly four times higher computational efficiency in shell bench-
mark tests. When membrane strain is discretized using CST and coupled
with the present bending models, sharp creasing artifacts often arise. To
mitigate the artifacts, a smoothed hinge membrane model is introduced.
The model uses the 6 nodes in the triangle-centered stencil to interpolate
the displaced position from which the membrane strain is derived. The
membrane strain in the central triangle is taken to be the average of those
at its edge mid- points. When the membrane model is coupled with the
present bending models, the sharp creasing artifacts can be effectively
mitigated. A four-node interpolation scheme, analogous the aforemen-
tioned six-node scheme, is also introduced to further elucidate the notion
of a “smoothed hinge membrane”. All proposed models have been in-
tegrated into the C-IPC solver [100], and they remain stable under large
time steps in challenging cloth simulation scenarios involving complex
contact and friction.

In origami simulation, the hinge angle and its derivatives from the
hinge-bending model are adopted for a dedicated hinge-folding model.
This model integrates seamlessly with finite element-based origami pan-
els, offering improved efficiency and robustness compared to existing
finite element approach implemented using ABAQUS UEL [72].
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In addition, the bilinear and biquadratic solid-shell elements are
presented for modeling origami structures, where the crease models are
naturally modeled by director vectors. This approach eliminates the
need for additional connector elements at creases. Both elements are im-
plemented in an adaptive implicit Newton solver. The present models
are benchmarked by both straight- and curved-crease origami structures
against analytical solutions. Further qualitative tests demonstrate the
efficacy of the proposed models.

Notably, the proposed computational models are modular and can
be easily integrated into other physical simulation frameworks across
diverse application domains. In garment CAD design, the models can
be incorporated into pattern design software to improve drape predic-
tion, potentially reducing the number of physical prototypes. In visual
effects, the constant bending energy Hessians reduce per-iteration cost
in Newton-type solvers, benefiting production efficiency. In robotics, the
cloth models can be integrated into high-fidelity simulators for training
robotic manipulation policies on deformable objects (e.g., fabric folding),
while the origami solid-shell models can assist in the design of foldable
robotic structures and metamaterials, where accurate crease behavior
prediction under actuation is critical.

Despite these contributions, the current work has several limita-
tions. First, the corotational hinge-based models rely on the small-strain-
small-curvature assumption, which leads to reduced accuracy when fi-
nite strains are involved. Second, the smoothed hinge membrane model
is formulated specifically for initially flat configurations, limiting its di-
rect applicability to initially curved shells; moreover, the qualitative tests
suggest that it may introduce additional membrane stiffness compared
to the CST element. Third, all simulations in this thesis are performed on
CPU-based solvers, and the computational cost scales with mesh resolu-
tion. For deployment in interactive applications such as virtual try-on
or real-time physics engines, integration with GPU-accelerated solvers
and/or machine-learning-based surrogate models would be necessary.
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Fourth, the solid-shell origami models are validated under elastic ma-
terial behavior with moderate in-panel strains; while the elements nat-
urally accommodate the large displacements and rotations inherent to
origami folding, the response under large panel strains and inelastic ma-
terial behavior (e.g., plasticity, viscoelasticity) in creases remains to be
explored. Finally, the presented models are validated against analytical
and numerical solutions. Since the contributions are at the discretization
level, these benchmarks suffice to isolate discretization accuracy with-
out interference from constitutive modeling or material calibration er-
rors. Experimental validation of cloth draping simulations remains non-
trivial, as complex draping configurations typically admit multiple sta-
ble equilibria with different wrinkle patterns, making a direct quantita-
tive comparison between simulation and experiment difficult.

6.2 Future Works

In cloth simulations, the proposed models can be integrated into the
GPU-based simulators [128]. With the constant bending energy Hessian
be further exploited, the computational efficiency of the models devel-
oped in this thesis can be further enhanced. Moreover, the analytically
derived gradients and Hessians make the proposed models directly com-
patible with differentiable simulation frameworks, enabling gradient-
based optimization and learning. Furthermore, the current framework
treats external forces as prescribed nodal force vectors and does not ex-
plicitly model aerodynamic drag from the relative motion between cloth
and the surrounding air. A natural extension is to couple the present
cloth model with a fluid solver to capture these aerodynamic effects. For
more complex fluid environments such as wet cloth, the fabric can be
modelled in yarn level, with the fluid-solid interaction decomposed into
a pressure gradient force governing buoyancy and a drag force arising
from liquid-solid friction.

The corotational hinge-based bending models developed in this work
can also be extended to quadrilateral meshes by constructing discrete
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curvatures specifically for quadrilaterals. Alternatively, discrete curva-
ture can also be constructed using node-based stencils. It remains worth-
while to explore other strain sampling techniques based on triangle-
centered stencils, other than a quadratic interpolation function for in-
terpolating displaced positions. In addition, modeling inelastic creases
caused by plastic deformation has the potential to enhance the visual
realism and physical fidelity of cloth simulations.

In origami simulations, accurately predicting the geometric and me-
chanical behaviors of the crease is essential for improving the simulation
quality. One possible extension is to discretize creases using additional
elements that can stretch, twist, and bend. Such an extension may pro-
vide a more complete representation of creases.

Beyond cloth and origami, incorporating additional physical fields
such as electromagnetic, thermal, or chemical effects into the deforma-
tion fields may significantly extend their applicability across various en-
vironments. Designing reduced-order model and/or data-driven sur-
rogate models for specific simulation scenarios can significantly reduce
inference time on hardware with limited computational resources. An-
other promising direction is to integrate the cloth/origami simulation
models into sim-to-real training systems for robotic manipulation of de-
formable materials. In addition, these models can serve as benchmarks
for evaluating the deformable object manipulation capabilities of vision-
language-action (VLA) models [13] and world action models (WAMs) [214],
where the fidelity of the underlying physics is critical for assessing model
performance. More broadly, while AI-based methods offer computa-
tional speed, they struggle with physical guarantees; accurate compu-
tational models can benefit high-fidelity data engines for physical AI,
offering physically accurate simulations that go beyond what current
generative AI methods alone can provide in scenarios where physical
correctness is required. Furthermore, although the computational mod-
els in this thesis are motivated by cloth and origami, they are broadly
applicable to the simulation and analysis of other thin and flexible struc-
tures.
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Appendix A

Detailed Derivation of Gradient
and Hessian of Hinge Angle

The following standard relations for any vectors a, b and c, which will
be used, are listed

∂

∂c
(a · b) =

∂aT

∂c
b +

∂bT

∂c
a (A.1a)

∂|a|
∂c

=
∂aT

∂c
a
|a| (A.1b)

a × b =

 0 −a3 a2

a3 0 −a1

−a2 a1 0

 b = [a]×b (A.1c)

∂

∂cT (a × b) = [a]×
∂b
∂cT − [b]×

∂a
∂cT (A.1d)

a × (b × c) = (a · c)b − (a · b)c (A.1e)

a(a × b)T − (a × b)aT = (a · a)[b]× − (a · b)[a]×, (A.1f)

aaTb = (a · b)a, (A.1g)

(abT)c = a(bTc), (A.1h)

where the skew symmetric matrix [a]× for vector a is self-defined.
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A.1 Gradient of the Hinge Angle

By rewriting Eq.(2.11) in Chapter 2 as

cos θ = −p · q
pq

(A.2)

and differentiating Eq.(A.2) with respect to xe, one can obtain

− sin θ
∂θ

∂xs = −
∂
(

p·q
pq

)
∂xs , (A.3)

where the right-hand side can be further derived as

∂
(

p·q
pq

)
∂xs =

∂(p·q)
∂xs pq − p · q ∂(pq)

∂xs

(pq)2 . (A.4)

By invoking Eqs.(A.1a) and (A.1b), one can obtain

∂ (p · q)
∂xs =

∂pT

∂xs q +
∂qT

∂xs p, (A.5)

and
∂ (pq)

∂xs = p
∂q
∂xs + q

∂p
∂xs = p

∂qT

∂xs
q
q
+ q

∂pT

∂xs
p
p

. (A.6)

By substituting Eqs.(A.5) and (A.6) into Eq.(A.4), one can obtain

∂θ

∂xs =

(
∂pT

∂xs q + ∂qT

∂xs p
)
(pq)− (p · q)

(
p ∂qT

∂xs
q
q + q ∂pT

∂xs
p
p

)
p2q2 sin θ

, (A.7)

which can be regrouped as

∂θ

∂xs =
∂pT

∂xs
p2q − (p · q)p

p3q sin θ
+

∂qT

∂xs
q2p − (p · q)q

pq3 sin θ
. (A.8)

Here, ∂pT/∂xs and ∂qT/∂xs are the gradients of the triangle altitude vec-
tors p and q, respectively. To compute these gradients, it is necessary to
invoke the gradients of the non-dimensional variables sC and sD.
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By differentiating sC in Eq.(2.13) of Chapter 2 with respect to xe, one
can obtain

∂sC

∂xA
=

∂
(

xAC·xAB
∥xAB∥2

)
∂xA

=

∂(xAC·xAB)
∂xA

∥xAB∥2 − (xAC · xAB)
∂∥xAB∥2

∂xA

∥xAB∥4 . (A.9)

By invoking Eqs.(A.1a) and (A.1b), one can obtain

∂ (xAC · xAB)

∂xA
=

∂xT
AC

∂xA
xAB +

∂xT
AB

∂xA
xAC = −xAB − xAC, (A.10)

and
∂
(
∥xAB∥2)

∂xs = 2∥xAB∥
∂xT

AB
∂xA

xAB

∥xAB∥
= −2xAB. (A.11)

By substituting Eqs.(A.10) and (A.11) into Eq.(A.9), one can obtain

∂sC

∂xA
=

(−xAB − xAC)∥xAB∥2 + 2xAB(xAC · xAB)

∥xAB∥4

=
(−xAB − xAC) + 2xAB

(xAC·xAB)
∥xAB∥2

∥xAB∥2 .

(A.12)

By invoking p = xAC − sCxAB in Eq.(2.12) and sC = (xAC · xAB)/∥xAB∥2

in Eq.(2.13) of Chapter 2, the Eq.(A.12) can be rewritten as

∂sC

∂xA
=

(−xAB − xAC) + 2xABsC

∥xAB∥2

=
−xAC + sCxAB − xAB + sCxAB

∥xAB∥2

= −p + (1 − sC)xAB

∥xAB∥2 .

(A.13)

Similarly, other gradients of sC and sD can be derived as

∂sC

∂xB
=

p − sCxAB

x2
AB

,
∂sC

∂xC
=

xAB

x2
AB

,
∂sC

∂xD
= 0,

∂sD

∂xA
= −q + (1 − sD) xAB

x2
AB

,
∂sD

∂xB
=

q − sDxAB

x2
AB

,

∂sD

∂xC
= 0,

∂sD

∂xD
=

xAB

x2
AB

.

(A.14)
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Consequently, one can get

∂pT

∂xA
=

∂(xAC − sCxAB)
T

∂xA

= −I − ∂sC

∂xA
xT

AB + sCI

= −(1 − sC)I +
p + (1 − sC)xAB

∥xAB∥2 xT
AB

= − (1 − sC)
(

I − ssT
)
+

psT

∥xAB∥
,

(A.15)

which uses the Eq.(A.13) and the unit vector s = xAB/∥xAB∥. Similarly,
the other components of the gradients of the triangle altitude vectors p
and q can be expressed as

∂pT

∂xB
= −sC

(
I − ssT

)
− psT

|xAB|
,

∂pT

∂xC
= I − ssT,

∂pT

∂xD
= 0, (A.16)

and

∂qT

∂xA
= − (1 − sD)

(
I − ssT

)
+

qsT

∥xAB∥
,

∂qT

∂xB
= −sD

(
I − ssT

)
− qsT

∥xAB∥
,

∂qT

∂xC
= 0,

∂qT

∂xD
= I − ssT.

(A.17)

By invoking the geometric relation

p × q = (pq sin θ)s (A.18)

and Eq.(A.1e), one can get

p2q − (p · q)p = p × (q × p) = s × p(pq sin θ),

q2p − (p · q)q = q × (p × q) = q × s(pq sin θ).
(A.19)

By introducing Eq.(A.19), Eq.(A.8) becomes

∂θ

∂xs =
∂pT

∂xs
s × p

p2 +
∂qT

∂xs
q × s

q2 . (A.20)
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By substituting ∂pT/∂xC = I − ssT in Eq.(A.16) and ∂qT/∂xC = 0 in
Eq.(A.17) into Eq.(A.20), one can get the component

∂θ

∂xC
=

∂pT

∂xC

s × p
p2 = (I − ssT)

s × p
p2 . (A.21)

By introducing the orthogonality relations

(s × p) ⊥ s, (s × p) ⊥ p, s ⊥ p (A.22)

and the Eq.(A.1g), one can obtain

ssT (s × p)
p2 = (s · (s × p)

p2 )s = 0 (A.23)

and, thus, the Eq.(A.21) becomes

∂θ

∂xC
=

s × p
p2 . (A.24)

Similarly, by introducing the orthogonality relations,

(q × s) ⊥ s, (q × s) ⊥ p, s ⊥ q, (A.25)

one can obtain
∂θ

∂xD
=

q × s
q2 . (A.26)

By substituting ∂pT/∂xA in Eq.(A.15) and ∂qT/∂xA in Eq.(A.17) into
Eq.(A.20), one can get the component

∂θ

∂xA
=−

(
(1 − sC)

(
I − ssT

)
− psT

∥xAB∥

)
(s × p)

p2

−
(
(1 − sD)

(
I − ssT

)
− qsT

∥xAB∥

)
(q × s)

q2 .
(A.27)
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In terms of Eqs.(A.1h), (A.22) and (A.25), one can get

psT

∥xAB∥
(s × p)

p2 =
p(sT(s × p))
∥xAB∥p2 = 0,

qsT

∥xAB∥
(q × s)

q2 =
q(sT(q × s))
∥xAB∥q2 = 0.

(A.28)

Thus, the Eq.(A.27) becomes

∂θ

∂xA
= − (1 − sC)

s × p
p2 − (1 − sD)

q × s
q2 (A.29)

Similarly,
∂θ

∂xB
= −sC

s × p
p2 − sD

q × s
q2 . (A.30)

Before deriving the Hessian of the fold angle, the gradient of the unit
vector s

∂s
∂xT

A
=

−1
|xAB|

(
I − ssT

)
,

∂s
∂xT

B
=

1
|xAB|

(
I − ssT

)
,

∂s
∂xT

C
= 0,

∂s
∂xT

D
= 0

(A.31)
is also derived.

A.2 Hessian of the Hinge Angle

The gradient of ∂θ/∂xC with respect to xC is ∂2θ/(∂xC∂xT
C), specifically,

∂2θ

∂xC∂xT
C
=

∂
(

∂θ
∂xC

)
∂xT

C
=

∂(s×p)
∂xT

C
p2 − (s × p) ∂p2

∂xT
C

p4 . (A.32)

By invoking Eqs.(A.1b) and (A.1d), as well as ∂pT/∂xC in Eq.(A.16) and
∂qT/∂xC in Eq.(A.31), one can get

∂(s × p)
∂xT

C
= [s]×

∂p
∂xT

C
− [p]×

∂s
∂xT

C
= [s]×, (A.33)

and
∂p2

∂xT
C
= 2p

(
∂p

∂xC

)T
= 2pT ∂p

∂xT
C
= 2pT. (A.34)
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By substituting Eqs.(A.33) and (A.34) into Eq.(A.32), as well as invoking
Eq.(A.1f), one can get

∂2θ

∂xC∂xT
C
=

[s]×p2 + 2(p × s)pT

p4

=
pT(p × s)− (p × s)pT + 2(p × s)pT

p4

=
pT(p × s) + (p × s)pT

p4 .

(A.35)

Similarly, one can obtain

∂2θ

∂xD∂xT
D
=

qT(s × q) + (s × q)qT

q4 . (A.36)

By invoking Eqs.(A.14), (A.24), and (A.35), the gradient of ∂θ/∂xA

with respect to xC is ∂2θ/(∂xA∂xT
C), i.e.

∂2θ

∂xA∂xT
C
=

∂
(

∂θ
∂xA

)
∂xT

C

= −(1 − sC)
∂2θ

∂xC∂xT
C
+

∂θ

∂xC

∂sC

∂xT
C

= −(1 − sC)
pT(p × s) + (p × s)pT

p4 +
(s × p)

p2
sT

∥xAB∥
.

(A.37)

Similarly, one can obtain

∂2θ

∂xD∂xT
C
= 0,

∂2θ

∂xB∂xT
C
= −sC

pT(p × s) + (p × s)pT

p4 − (s × p)
p2

sT

∥xAB∥
,

∂2θ

∂xA∂xT
D
= −(1 − sD)

qT(s × q) + (s × q)qT

p4 +
(q × s)

q2
sT

∥xAB∥
,

∂2θ

∂xB∂xT
D
= sD

qT(s × q) + (s × q)qT

p4 − (q × s)
q2

sT

∥xAB∥
.

(A.38)
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By invoking Eqs.(A.13), (A.14), (A.24), (A.26), (A.37), and (A.38), one
can obtain

∂2θ

∂xA∂xT
A
= −(1 − sC)

(
∂2θ

∂xA∂xT
C

)T

+
∂θ

∂xC

∂sC

∂xT
A

− (1 − sD)

(
∂2θ

∂xA∂xT
D

)T

+
∂θ

∂xD

∂sD

∂xT
A

,

= (1 − sC)
2 pT(p × s) + (p × s)pT

p4 − (1 − sC)
(s × p)

p2
sT

∥xAB∥

− (s × p)
p2

(
p + (1 − sC)xAB

∥xAB∥2

)T

,

(1 − sD)
2 qT(s × q) + (s × q)qT

q4 − (1 − sD)
(q × s)

q2
sT

∥xAB∥
,

− (q × s)
q2

(
q + (1 − sD)xAB

∥xAB∥2

)T

,

= (1 − sC)
2 pT(p × s) + (p × s)pT

p4

+ (1 − sD)
2 qT(s × q) + (s × q)qT

q4

− (1 − sC)

∥xAB∥

(
s
(s × p)T

p2 +
(s × p)

p2 sT
)

− (1 − sD)

∥xAB∥

(
s
(q × s)T

q2 +
(q × s)

q2 sT
)

− 1
∥xAB∥2

(
(s × p)

p2 pT +
(q × s)

q2 qT
)

.

(A.39)
Similarly, one can get

∂2θ

∂xB∂xT
B
= s2

C
pT(p × s) + (p × s)pT

p4 + s2
D

qT(s × q) + (s × q)qT

q4

+
sC

∥xAB∥

(
s
(s × p)T

p2 +
(s × p)

p2 sT
)

+
sD

∥xAB∥

(
s
(q × s)T

q2 +
(q × s)

q2 sT
)

− 1
∥xAB∥2

(
(s × p)

p2 pT +
(q × s)

q2 qT
)

(A.40)
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and
∂2θ

∂xB∂xT
A
= sC(1 − sC)

pT(p × s) + (p × s)pT

p4

+ sD(1 − sD)
qT(s × q) + (s × q)qT

q4

− sC

∥xAB∥

(
s
(s × p)T

p2 +
(s × p)

p2 sT
)

− sD

∥xAB∥

(
s
(q × s)T

q2 +
(q × s)

q2 sT
)

+
1

∥xAB∥2

(
(s × p)

p2 pT +
(q × s)

q2 qT
)

+
1

∥xAB∥

(
(s × p)

p2 +
(q × s)

q2

)
sT.

(A.41)

Finally, all the components in Eqs.(A.24), (A.26), (A.29), (A.30), (A.35),
(A.36)-(A.41) can be used to assembly the gradient ∂θ/∂xe and Hessian
∂2θ/(∂xe∂(xe)T), i.e.

∂θ

∂xe =


∂θ

∂xA
∂θ

∂xB
∂θ

∂xC
∂θ

∂xD

 ,
∂2θ

∂xe∂(xe)T =



∂2θ
∂xA∂xT

A

∂2θ
∂xA∂xT

B

∂2θ
∂xA∂xT

C

∂2θ
∂xA∂xT

D
∂2θ

∂xB∂xT
A

∂2θ
∂xB∂xT

B

∂2θ
∂xB∂xT

C

∂2θ
∂xB∂xT

D
∂2θ

∂xC∂xT
A

∂2θ
∂xC∂xT

B

∂2θ
∂xC∂xT

C

∂2θ
∂xC∂xT

D
∂2θ

∂xD∂xT
A

∂2θ
∂xD∂xT

B

∂2θ
∂xD∂xT

C

∂2θ
∂xD∂xT

D

 , (A.42)

in which

∂2θ

∂xC∂xT
A
=

(
∂2θ

∂xA∂xT
C

)T

,
∂2θ

∂xC∂xT
D
=

(
∂2θ

∂xD∂xT
C

)T

,

∂2θ

∂xC∂xT
B
=

(
∂2θ

∂xB∂xT
C

)T

,
∂2θ

∂xD∂xT
A
=

(
∂2θ

∂xA∂xT
D

)T

,

∂2θ

∂xD∂xT
B
=

(
∂2θ

∂xB∂xT
D

)T

,
∂2θ

∂xA∂xT
B
=

(
∂2θ

∂xB∂xT
A

)T

,

(A.43)

due to the Hessian is symmetric.
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Appendix B

Derivation of
Displacement-based Strain
Components and Their Spatial
Discretization for Solid-Shell
Elements

B.1 The Strain Components

The natural Green–Lagrangian components are

εij =
1
2
(

gij − (gij)0
)

=
1
2

(
xT

,i x,j − XT
,i X,j

)
=

1
2

(
XT

,i U,j + XT
,j U,i + UT

,i U,j

)
, i, j = ξ, η, ζ.

(B.1)

For the in-plane natural strain components (i, j = α, β = ξ, η), which
characterize the membrane and bending deformation, substituting X =
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Xo + ζXn and U = Uo + ζUn into Eq.(B.1) yields

XT
,αU,β = (Xo + ζXn)

T
,α (Uo + ζUn),β

= XT
o,αUo,β + ζ

(
XT

n,αUo,β + XT
o,αUn,β

)
+ ζ2XT

n,αUn,β,

XT
,βU,α = XT

o,βUo,α + ζ
(

XT
n,βUo,α + XT

o,βUn,α

)
+ ζ2XT

n,βUn,α,

UT
,αU,β = UT

o,αUo,β + ζ
(

UT
n,αUo,β + UT

o,αUn,β

)
+ ζ2UT

n,αUn,β.

(B.2)

Combining all terms in Eq.(B.2), the in-plane natural strain components
εαβ are

εαβ =
1
2
(
XT

o,αUo,β + XT
o,βUo,α + UT

o,αUo,β
)

+ ζ · 1
2
(
XT

n,αUo,β + XT
o,αUn,β + XT

n,βUo,α

+ XT
o,βUn,α + UT

n,αUo,β + UT
o,αUn,β

)
+

(((((((((((((((((((((

ζ2 · 1
2
(
XT

n,αUn,β + XT
n,βUn,α + UT

n,αUn,β
)
,

(B.3)

where the ζ2 terms are neglected. The natural membrane strain compo-
nents are

εmαβ =
1
2
(
XT

o,αUo,β + XT
o,βUo,α + UT

o,αUo,β
)
, (B.4)

which can be expressed in Voigt notation, i.e.
εmξξ

εmηη

γmξη

 =

 XT
o,ξUo,ξ +

1
2 UT

o,ξUo,ξ

XT
o,ηUo,η +

1
2 UT

o,ηUo,η

XT
o,ξUo,η + XT

o,ηUo,ξ + UT
o,ξUo,η

 . (B.5)

The natural bending strain components are

εbαβ =
1
2
(
XT

n,αUo,β + XT
o,αUn,β + XT

n,βUo,α

+ XT
o,βUn,α + UT

n,αUo,β + UT
o,αUn,β

)
,

(B.6)
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which can be expressed in Voigt notation, i.e.


εbξξ

εbηη

γbξη

 =


XT

n,ξUo,ξ + XT
o,ξUn,ξ + UT

o,ξUn,ξ

XT
n,ηUo,η + XT

o,ηUn,η + UT
o,ηUn,η(

XT
n,ξUo,η + XT

o,ξUn,η + XT
n,ηUo,ξ

+XT
o,ηUn,ξ + UT

n,ξUo,η + UT
o,ξUn,η

)
 . (B.7)

For the natural shear components (i = ζ, j = ξ, η), substituting X =

Xo + ζXn and U = Uo + ζUn into Eq.(B.1) yields

XT
,ζU,j = (Xo + ζXn)

T
,ζ (Uo + ζUn),j = XT

n Uo,j + ζXT
n Un,j,

XT
,j U,ζ = (Xo + ζXn)

T
,j (Uo + ζUn),ζ = XT

o,jUn + ζXT
n,jUn,

UT
,ζU,j = UT

n Uo,j + ζUT
n Un,j.

(B.8)

Combining all terms in Eq. (B.8), one can get

γζ j = 2εζ j

= XT
n Uo,j + XT

o,jUn + UT
n Uo,j +

((((((((((((((((

ζ(XT
n Un,j + XT

n,jUn + UT
n Un,j),

(B.9)

where the ζ terms are neglected. The natural shear strain components
are {

γζξ

γζη

}
=

[
XT

n Uo,ξ + XT
o,ξUn + UT

n Uo,ξ

XT
n Uo,η + XT

o,ηUn + UT
n Uo,η

]
. (B.10)

Similarly, for the natural thickness strain component (i = ζ, j = ζ),
one can get

εζζ =
(

XT
,ζU,ζ + XT

,ζU,ζ + UT
,ζU,ζ

)
/2

= XT
n Un + UT

n Un/2.
(B.11)

B.2 Spatial Discretization

The displacemnts in Eq.(5.1) of Chapter 5 can be rewritten as

U = (No + ζNn) d. (B.12)
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For instance, the nodal dofs vector of the bilinear solid-shell element is

d =
[
UT

o1 UT
n1 UT

o2 UT
n2 UT

o3 UT
n3 UT

o4 UT
n4

]T
, (B.13)

the self-defined No and Nn are

No =
[

N1 0 N2 0 N3 0 N4 0
]
⊗ I, (B.14)

and
Nn =

[
0 N1 0 N2 0 N3 0 N4

]
⊗ I, (B.15)

respectively. I is the third-order identity matrix and ⊗ is the Kronecker
product. The nodal dofs vector of the biquadratic solid-shell element can
be extended from the Eqs.(B.13), (B.14), and (B.15) in bilinear solid-shell
element. By introducing Eq.(B.12) into Eqs.(B.5), (B.7), (B.10) and (B.11),
the natural membrane strain is discretized as

εmξξ

εmηη

γmξη

 =

 XT
o,ξNo,ξd + 1

2 dTNT
o,ξNo,ξd

XT
o,ηNo,ηd + 1

2 dTNT
o,ηNo,ηd

XT
o,ξNo,ηd + XT

o,ηNo,ξd + dTNT
o,ξNo,ηd

 , (B.16)

the natural bending strain is discretized as


εbξξ

εbηη

γbξη

 =


XT

n,ξNo,ξd + XT
o,ξNn,ξd + dTNT

o,ξNn,ξd

XT
n,ηNo,ηd + XT

o,ηNn,ηd + dTNT
o,ηNn,ηd(

XT
n,ξNo,ηd + XT

o,ξNn,ηd + XT
n,ηNo,ξd+

XT
o,ηNn,ξd + dTNT

n,ξNo,ηd + dTNT
o,ξNn,ηd

)
 , (B.17)

the natural shear strain is discretized as{
γζξ

γζη

}
=

[
XT

n No,ξd + XT
o,ξNnd + dTNT

n No,ξd

XT
n No,ηd + XT

o,ηNnd + dTNT
n No,ηd

]
, (B.18)

and the natural thickness strain is discretized as

εζζ = XT
n Nnd + dTNT

n Nnd/2. (B.19)
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Appendix C

Derivation of Strain
Transformation Matrix

The Green–Lagrangian strain tensor ε can be expressed using different
basis vectors. In particular,

ε = εijeiej = εmnẽmẽn, (C.1)

where ei and ej (i, j = ξ, η, ζ) are the basis vectors of the natural coordi-
nate frame, and ẽm and ẽn (m, n = X̃, Ỹ, Z̃) are the basis vectors of the lo-
cal Cartesian coordinate frame. These basis vectors can be computed by:
eξ = Xo,ξ , eη = Xo,η and eζ = Xn, as well as ẽX̃ = (Xo2 − Xo1)/|(Xo2 −
Xo1)|, ẽZ̃ = Xn and ẽỸ = ẽX̃ × ẽZ̃. Xo1 and Xo2 are the initial position
of node 1 and node 2 in an element or a stencil. In this study, the initial
state of the origami panels is flat.

The components of the strain tensor in the local Cartesian coordi-
nates can be computed by

εmn = ẽm · εijeiej · ẽn = cmicnjεij (C.2)

where cmi = ẽm · ei is the cosine of the angle between the local Cartesian
basis vector ẽm and the natural basis vector ei.

The membrane strain εm =
[

εmX̃X̃ εmỸỸ 2εmX̃Ỹ

]T
and bending

strain εb =
[

εbX̃X̃ εbỸỸ 2εbX̃Ỹ

]T
in the local Cartesian coordinates are



154 Appendix C. Derivation of Strain Transformation Matrix

related to those in the natural coordinate frame by the following trans-
formation

εmX̃X̃

εmỸỸ

2εmX̃Ỹ

 = Tmb


εmξξ

εmηη

2εmξη

 ,


εbX̃X̃

εbỸỸ

2εbX̃Ỹ

 = Tmb


εbξξ

εbηη

2εbξη

 , (C.3)

where Tmb is
cξX̃cξX̃ cξỸcξỸ cξX̃cξỸ

cηX̃cηX̃ cηỸcηỸ cηX̃cηỸ

cξX̃cηX̃ + cηX̃cξX̃ cξỸcηỸ + cηỸcξỸ cξX̃cηỸ + cξỸcηX̃


−1

. (C.4)

The transverse shear strain γ =
[

γZ̃X̃ γZ̃Ỹ

]T
in the local Carte-

sian coordinates can be transformed by{
γZ̃X̃

γZ̃Ỹ

}
= Ts

{
γζξ

γζη

}
, (C.5)

where

Ts =

[
cζZ̃cξX̃ cζZ̃cξỸ

cζZ̃cηX̃ cζZ̃cηỸ

]−1

(C.6)

Lastly, the thickness strain component ε Z̃Z̃ is transformed by

ε Z̃Z̃ = Ttεζζ , (C.7)

where
Tt = (cζZ̃cζZ̃)

−1. (C.8)
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Appendix D

Corotational Transformation

Consider a point x̃ on the shell stencil in the current corotational frame
with origin at xo. The triangle-centered and edge-based stencils respec-
tively take x1 and x2 as their origins (see Figures 3.2 and 3.5). The point x̃
is related to its counterpart x in the global Cartesian frame by the trans-
formation

x̃ =
[
nx̃ nỹ nz̃

]T
(x − xo), (D.1)

where nx̃, nỹ and nz̃ are unit vectors of the local coordinate axes (x̃, ỹ, z̃).
For the triangle-centered stencil, the x̃-axis direction is defined as nx̃ =

x12/∥x12∥ (see Figures 3.1 and 3.2), while for the edge-based stencil,
it is defined as nx̃ = x23/∥x23∥ (see Figure 3.1). The z̃-axis direction
nz̃ is computed using Eq.(3.6) for the edge stencil and Eq.(3.18) for the
triangle-centered stencil. The ỹ-axis direction, nỹ = nz̃ × nx̃, is deter-
mined to according to the right-hand rule. Similarly, points in the initial
corotational frame can be transformed using the same approach.
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Appendix E

Gradient of Normal Direction of
Corotational Shell Stencil

The direction of z̃-axis, which corresponds to the normal direction of the
corotational shell stencil, is given by

nz̃ =
nc

∥nc∥
, (E.1)

where nc is the unnormalized normal vector. The gradient of the z̃-axis
direction is then expressed as

∂nz̃

∂(xe)T = (I − nz̃nT
z̃ )

1
∥nc∥

∂nc

∂(xe)T . (E.2)

For the corotational edge-based hinge bending model, let p = xP1,
q = xQ4 as the triangle altitude vectors and s = x23/∥x23∥ as the edge
direction vector. The gradient of nc is

∂nc

∂(xe)T =
∂
(

p
∥p∥

)
∂(xe)T +

∂
(

q
∥q∥

)
∂(xe)T , (E.3)

where the gradients of the triangle altitude directions are

∂
(

p
∥p∥

)
∂(xe)T = (

∥p∥I − ppT

∥p∥3 )
∂p

∂(xe)T and
∂
(

q
∥q∥

)
∂(xe)T = (

∥q∥I − qqT

∥q∥3 )
∂q

∂(xe)T .

(E.4)
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The components of ∂p/∂(xe)T are

∂p
∂(x1)T = I − ssT,

∂p
∂(x2)T = −

(
1 − sp

) (
I − ssT

)
+

spT

∥x23∥
,

∂p
∂(x3)T = −sp

(
I − ssT

)
− spT

∥x23∥
,

∂p
∂(x4)T = 0,

(E.5)

and the components of ∂q/∂(xe)T are

∂q
∂(x1)T = 0,

∂q
∂(x2)T = −

(
1 − sq

) (
I − ssT

)
+

sqT

∥x23∥
,

∂q
∂(x3)T = −sq

(
I − ssT

)
− sqT

∥x23∥
,

∂q
∂(x4)T = I − ssT.

(E.6)

Here, the coefficients sp = x21 · x23/∥x23∥2 and sq = x24 · x23/∥x23∥2 are
defined according to Eq.(2.13) in Chapter 2.

For corotational FVM/smoothed hinge bending models, the normal
nc is

nc = x12 × x13, (E.7)

so the gradient components of ∂nc/∂(xe)T are

∂nc

∂(x1)T = (x3 − x2)
×,

∂nc

∂(x3)T = (x2 − x1)
×,

∂nc

∂(x5)T = 0,

∂nc

∂(x2)T = (x1 − x3)
×,

∂nc

∂(x4)T = 0,
∂nc

∂(x6)T = 0,
(E.8)

where the operator × applied to a vector v =
[
v1 v2 v3

]T
yields the

skew-symmetric matrix

v× =

 0 −v3 v2

v3 0 −v1

−v2 v1 0

 , (E.9)

which corresponds to the cross product v × (∗), and (∗) is a vector.
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Finally, by vectorizing (∂nz̃/∂(xe)T)T, on can obtain

∂nz̃

∂xe = vec

((
∂nz̃

∂(xe)T

)T
)

. (E.10)
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Appendix F

Quadratic Thin Plate/Shell and
Accuracy Discrepancy

In this appendix, the terminology comes from the Section 3.2.3.

Quadratic Thin Plate (QTP). When the discrete curvature operator is quan-
tified directly in the global Cartesian frame, the bending energy of the EP
model is

ΨQTP
b =

AE
2

kb(xs)T(LT
n Ln ⊗ I)xs, (F.1)

where the discrete curvature operator is

Ln =
2

(h1 + h4)

[
1
h1

−
(

∥XP3∥
∥X23∥h1

+
∥XQ3∥
∥X23∥h4

)
−
(

∥XP2∥
∥X23∥h1

+
∥XQ2∥
∥X23∥h4

)
1
h4

]
.

(F.2)

1 2

3

4

P

Q

h1

h4

Figure F.1: Geometric quantities for the cotangent formula.
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Furthermore, Ln can be regrouped as

2
(h1 + h4)∥X23∥

[
∥X23∥

h1
−
(
∥XP3∥

h1
+

∥XQ3∥
h4

)
−
(
∥XP2∥

h1
+

∥XQ2∥
h4

)
∥X23∥

h4

]
=

1
AE

[
∥XP2∥

h1
+ ∥XP3∥

h1
− ∥XP3∥

h1
− ∥XQ3∥

h4
− ∥XP2∥

h1
− ∥XQ2∥

h4

∥XP2∥
h4

+ ∥XP3∥
h4

]
(F.3)

where the row vector can be expressed by these cotangents (see Fig-
ure F.1)

cot∠12P =
∥XP2∥

h1
, cot∠13P =

∥XP3∥
h1

,

cot∠42Q =
∥XQ2∥

h4
, cot∠43Q =

∥XQ3∥
h4

.
(F.4)

Therefore, the operator Ln can be expressed in a cotangent formula [8, 9,
144, 203]. The Hessian of the QTP’s bending energy is

∂2ΨQTP
b

∂xs∂(xs)T = kb AELT
n Ln ⊗ I, (F.5)

and the gradient of the QTP’s bending energy is

∂ΨQTP
b

∂xs = (
∂2ΨQTP

b
∂xs∂(xs)T )x

s. (F.6)

Quadratic Thin Shell (QTS). The curvature operator in Eq.(F.1) can also
be extended to the bending energy of the ES model. Thus, the bending
energy of QTS is

ΨQTS
b =

1
2

AEkbε2
b, (F.7)

where the curvature change εb is

εb = κd − Kd = Lnn
Txs − LnN

TXs. (F.8)

The gradient of the QTS’s bending energy is

∂ΨQTS
b

∂xs = AEkb
∂εb
∂xs εb, (F.9)
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where the gradient of the curvature change can be generalized from
Eq.(3.30), i.e.,

∂εb
∂xs = (xs)T ∂n

∂xs LT
n + nLT

n . (F.10)

The Hessian of QTS’ bending energy is the same as the Hessian of QTP’.
QTP/QTS can be seen as a variation of the EP/ES that quantifies the
curvature operator in the global Cartesian frame.

Accuracy Discrepancy. In comparison, the quadratic shell model [8] is a
linearized mean curvature version of the discrete shell model [66], whose
detailed numerical formulations and isotropic bending rigidity can be
found in [183, 182]. By expressing the bending energy in the quadratic
shell model using the terminology adopted in this thesis, it can be con-
cluded that the bending energy in the EP/QTP model is one third of that
in the quadratic shell model. This discrepancy primarily arises from the
use of AE in the present model, which is the total area of triangles T123

and T432. Notably, AE serves not only as the integration area but also as a
weighting factor in the curvature operator (see Eq. (F.1) and Eq. (F.3)). In
contrast, the quadratic shell model employs one third of this area. The
cubic shell model [59] builds on a foundation laid out from quadratic
shell [8], so the accuracy discrepancy holds. Also, the quadratic shell
model can be seen as an initially flat version of the cubic shell model.
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Appendix G

Comparation of Different
Hinge-Bending Energies

To facilitate the comparison of different hinge-bending energies, the ini-
tial curvature is assumed to be zero. The present hinge-bending energy
is

Ψb =
1
2

kb AE (κb)
2 , (G.1)

where the bending rigidity is kb = Eh3/(12(1− ν2)), the integration area
is AE = (hC + hD)lAB/2, and the directional curvature is

κb ≃
2θ

hC + hD
=

θ lAB

AE
.

Therefore, the present hinge-bending energy can be rewritten as

Ψb = kb
lAB

hC + hD
θ2. (G.2)

In the following comparisons, the terminologies of the present hinge-
bending energy are used consistently.

In the model proposed by Grinspun et al. [66], the hinge-bending
energy is

Ψb =
1
2

kb
AE
3

(κb)
2 , (G.3)
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B
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D

A

hC

hD
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D

A
3

C Dh h+

Figure G.1: Diamond region (shaded in blue) represents the integration
area used in the bending model of Grinspun et al. [66].

where the directional curvature is κb ≃ θlAB/(AE/3) and the integration
area is AE/3. This bending energy can be rewritten as

Ψb = 3kb
lAB

hC + hD
θ2. (G.4)

The main difference from the present model lies in the choice of integra-
tion area: the present model employs the full area of the two adjacent
triangles, whereas the model of Grinspun et al. uses only one-third of
that area (see Figure G.1).

In the model proposed by Bridson et al. [19], the hinge-bending en-
ergy is not given explicitly. However, the nodal bending force (i.e., the
gradient of the bending energy with respect to the nodal position) is
given by

∂Ψb
∂xi

= kb
lAB

hC + hD
sin
(

θ

2

)
∂θ

∂xi
. (G.5)

For small hinge angles, sin(θ/2) ≃ θ/2, and the bending force can be
approximated as

∂Ψb
∂xi

= kb
lAB

hC + hD

θ

2
∂θ

∂xi
. (G.6)

Integrating this expression with respect to θ yields the corresponding
bending energy:

Ψb =
1
4

kb
lAB

hC + hD
θ2. (G.7)
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August 14, 2025

1

Figure G.2: The equivalent stiffness of the bending hinge is obtained
using a quadrilateral plate. The left image is extracted from [207], and
the right image is extracted from [41].

In the model of Woodruff et al. [207], the strain energy stored in the
plate is set equal to the strain energy in the bending hinge

Ψb =
1
2

k′bθ2, (G.8)

in order to determine the equivalent stiffness coefficient k′b through the
equivalent model shown in the left image of Figure G.2. The hinge-
bending energy yields

Ψb =
1
2

k′bθ2 =
1
2

Eh3

6
l2
AB
AE

θ2 = 2kb
lAB

hC + hD
θ2. (G.9)

This idea originates from Dudte et al. [41], which use the equivalent
model shown in the right image of Figure G.2, i.e.

Ψb =
1
2

k′bθ2 =
1
2

1
48

l2
AB
AE

Eh3θ2 =
1
4

kb
lAB

hC + hD
θ2, (G.10)

which has the same formulation as the model of Bridson et al. [19].

By comparing the bending energy formulations in Eqs.(G.4), (G.7),
(G.9) and (G.10) with the present formulation in Eq.(G.2), it is evident
that each model differs from the present one by a constant coefficient,
which is the source of the observed accuracy discrepancy in Chapter2.
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Appendix H

The Gradient and Hessian of the
Solid-Shell Strain Energies

In this appendix, the gradient and Hessian of the bilinear solid-shell
strain energies are presented in detail. The corresponding expressions
for the biquadratic element can be extended from the bilinear case and
are therefore omitted.

Membrane. The gradient of the membrane strain energy is

∂Ψe
m

∂d
= A

∂εT
m

∂d
Dmεm, (H.1)

and the Hessian of the membrane strain energy is

∂2Ψe
m

∂dT∂d
= A

∂εT
m

∂d
Dm

∂εm

∂dT + AεT
mDT

mvec(
∂2Em

∂d∂dT ), (H.2)

where vec() is the vectorization operator, which has been defined in
Chapter2. Here, the gradient and Hessian of membrane strain εm is
transformed by

∂εm

∂dT = Tmb
∂em

∂dT ,
∂2εm

∂dT∂d
= Tmb

∂2
em

∂dT∂d
, (H.3)

with the gradient of natural membrane strain

∂em

∂dT =

 XT
o,ξNo,ξ + dTNT

o,ξNo,ξ

XT
o,ηNo,η + dTNT

o,ηNo,η

XT
o,ξNo,η + XT

o,ηNo,ξ + dTNT
o,ξNo,η + dTNT

o,ηNo,ξ

 , (H.4)
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and the Hessian of natural membrane strain

∂2
em

∂dT∂d
=

 NT
o,ξNo,ξ

NT
o,ηNo,η

NT
o,ξNo,η + NT

o,ηNo,ξ

 . (H.5)

Bending. The gradient of the bending strain energy is

∂Ψe
b

∂d
= A

∂εT
b

∂d
Dbεb, (H.6)

and the Hessian of the bending strain energy is

∂2Ψe
b

∂dT∂d
= A

∂εT
b

∂d
Db

∂εb

∂dT + AεT
b DT

b vec(
∂2εb

∂d∂dT ). (H.7)

Here, the gradient and Hessian of bending strain Eb is transformed by

∂εb

∂dT = Tmb
∂eb

∂dT ,
∂2εb

∂dT∂d
= Tmb

∂2
eb

∂dT∂d
, (H.8)

with the gradient of natural bending strain

∂eb

∂dT =


XT

n,ξNo,ξ + XT
o,ξNn,ξ + dTNT

o,ξNn,ξ + dTNT
n,ξNo,ξ

XT
n,ηNo,η + XT

o,ηNn,η + dTNT
o,ηNn,η + dTNT

n,ηNo,η(
XT

n,ξNo,η + XT
o,ξNn,η + XT

n,ηNo,ξ + XT
o,ηNn,ξ

+ dTNT
n,ξNo,η + dTNT

o,ηNn,ξ + dTNT
o,ξNn,η + dTNT

n,ηNo,ξ

)
 ,

(H.9)
and the Hessian of natural bending strain is

∂2
eb

∂dT∂d
=

 NT
o,ξNn,ξ + NT

n,ξNo,ξ

NT
o,ηNn,η + NT

n,ηNo,η

NT
n,ξNo,η + NT

o,ηNn,ξ + NT
o,ξNn,η + NT

n,ηNo,ξ

 . (H.10)

Shear. By introducing the ANS method, the gradient of the shear
strain energy is

∂Ψe
s

∂d
= A

∂γ̄T

∂d
Dsγ̄, (H.11)
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and the Hessian of the shear strain energy is

∂2Ψe
s

∂dT∂d
= A

∂γ̄T

∂d
Ds

∂γ̄

∂dT + AγTDT
s vec(

∂2γ̄

∂d∂dT ). (H.12)

Here, the gradient and Hessian of the assumed shear strain Ēs is trans-
formed by

∂γ̄

∂dT = Ts
∂ēs

∂dT ,
∂2γ̄

∂dT∂d
= Ts

∂2
ēs

∂dT∂d
. (H.13)

The gradient of the assumed natural shear strain is

∂ēs

∂dT =

 (1−η)
2

γζξ

∂dT

∣∣∣
ξ=0, η=−1

+ (1+η)
2

γζξ

∂dT

∣∣∣
ξ=0, η=+1

(1−ξ)
2

γζη

∂dT

∣∣∣
ξ=−1, η=0

+ (1+ξ)
2

γζη

∂dT

∣∣∣
ξ=+1, η=0

 , (H.14)

and the Hessian of the assumed natural shear strain is

∂2
ēs

∂dT∂d
=


(1−η)

2
∂2γζξ

∂dT∂d

∣∣∣∣
ξ=0, η=−1

+ (1+η)
2

∂2γζξ

∂dT∂d

∣∣∣∣
ξ=0, η=+1

(1−ξ)
2

∂2γζη

∂dT∂d

∣∣∣∣
ξ=−1, η=0

+ (1+ξ)
2

∂2γζη

∂dT∂d

∣∣∣∣
ξ=+1, η=0

 , (H.15)

with the gradient of natural shear strain is

∂es

∂dT =

{
γζξ

∂dT
γζη

∂dT

}
=

[
XT

n No,ξ + XT
o,ξNn + dTNT

n No,ξ + dTNT
o,ξNn

XT
n No,η + XT

o,ηNn + dTNT
n No,η + dTNT

o,ηNn

]
,

(H.16)
and the Hessian of natural shear strain is

∂2
es

∂dT∂d
=


∂2γζξ

∂dT∂d
∂2γζη

∂dT∂d

 =

[
NT

n No,ξ + NT
o,ξNn

NT
n No,η + NT

o,ηNn

]
. (H.17)

Thickness. By introducing the ANS method, the gradient of the thick-
ness strain energy is

∂Ψe
t

∂d
= A

∂ε̄t

∂d
Dt ε̄t, (H.18)

and the Hessian of the thickness strain energy is

∂2Ψe
t

∂dT∂d
= A

∂ε̄t

∂d
Dt

∂ε̄t

∂dT + AεtDtvec(
∂2ε̄t

∂d∂dT ). (H.19)
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Here, the gradient and Hessian of the assumed thickness strain is

∂ε̄t

∂dT =
∂ε̄ζζ

∂dT ,
∂2ε̄t

∂dT∂d
=

∂2ε̄ζζ

∂dT∂d
, (H.20)

due to alignment of the natural normal direction with the local Cartesian
Z̃-axis. The gradient of assumed natural thickness strain is

∂ε̄ζζ

∂dT = ∑
i

Ni(XT
n Nn + dTNT

n Nn)|i, (H.21)

and the Hessian of assumed natural thickness strain is

∂2ε̄ζζ

∂dT∂d
= ∑

i
Ni(NT

n Nn)|i. (H.22)

Index i labels the element nodes in the natural coordinate frame.
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Appendix I

Remark on Smoothed Hinge
Membrane Model

1 (½, 0)

2 (½, ½)3 (0, ½ )

4 (0, 1)

5 (0, 0) 6 (1, 0)

I

II III





'

'

Figure I.1: A triangle-centered stencil in the ξ–η frame. I, I I and I I I in
blue are the edge midpoints of the central triangle T123. The ξ ′–η′ frame
is obtained by a clockwise rotation by an angle 45◦ of the ξ–η frame and
then a translation of the origin to I I (1/4, 1/4).

I.1 Six-node Interpolation Scheme

In this scheme, all six nodes in Figure I.1 are used to fit a quadratic sur-
face. The standard quadratic interpolated functions are

N1 = 4ζξ, N2 = 4ξη, N3 = 4ηζ,

N4 =η(2η − 1), N5 = ζ(2ζ − 1), N6 = ξ(2ξ − 1),
(I.1)

where the nature coordinates ξ, η ∈ [0, 1] and ζ = 1 − ξ − η.
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With ∂ζ/∂ξ = ∂ζ/∂η = −1, the partial derivatives of the interpola-
tion functions are

∂N1

∂ξ
= 4(1 − 2ξ − η),

∂N1

∂η
= −4 ξ,

∂N2

∂ξ
= 4 η,

∂N2

∂η
= 4 ξ,

∂N3

∂ξ
= −4 η,

∂N3

∂η
= 4(1 − ξ − 2η),

∂N4

∂ξ
= 0,

∂N4

∂η
= 4η − 1,

∂N5

∂ξ
= 4(ξ + η)− 3,

∂N5

∂η
= 4(ξ + η)− 3,

∂N6

∂ξ
= 4ξ − 1,

∂N6

∂η
= 0.

(I.2)

Substituting (ξ, η) = (1
4 , 1

4) into (I.2) gives

( ∂N1
∂ξ , ∂N1

∂η

)
=
(
1, −1

)
,

( ∂N2
∂ξ , ∂N2

∂η

)
=
(
1, 1

)
,( ∂N3

∂ξ , ∂N3
∂η

)
=
(
− 1, 1

)
,

( ∂N4
∂ξ , ∂N4

∂η

)
=
(
0, 0

)
,( ∂N5

∂ξ , ∂N5
∂η

)
=
(
− 1, −1

)
,

( ∂N6
∂ξ , ∂N6

∂η

)
=
(
0, 0

)
.

(I.3)

The interpolated position derivatives at (ξ, η) = (1
4 , 1

4) are[
∂x
∂ξ

∂x
∂η

] ∣∣∣
(1/4,1/4)

= [x1 + x2 − x3 − x5 − x1 + x2 + x3 − x5] . (I.4)

Similarly, the interpolated position derivatives at (ξ, η) = (1
2 , 1

4) and
(ξ, η) = (1

4 , 1
2) are[

∂x
∂ξ

∂x
∂η

] ∣∣∣
(1/2,1/4)

= [−x1 + x2 − x3 + x6 − 2x1 + 2x2] ,[
∂x
∂ξ

∂x
∂η

] ∣∣∣
(1/4,1/2)

= [2x2 − 2x3 − x1 + x2 − x3 + x4] .
(I.5)
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I.2 Four-node Interpolation Scheme

In this scheme, nodes 1, 2, 3 and 5 in Figure I.1 are used to fit a quadratic
surface. Consider ξ ′–η′ frame obtained by a clockwise rotation by an an-
gle 45◦ of the ξ–η frame and then a translation of the origin to (1/4, 1/4).
Then the coordinate transform between the two frames is[

ξ ′

η′

]
= R(45◦)

( [ξ

η

]
−
[

1/4

1/4

] )
, (I.6)

where the standard rotation matrix is

R(45◦) =

[
cos 45◦ − sin 45◦

sin 45◦ cos 45◦

]
. (I.7)

In terms of the coordinates (ξ, η), the coordinates (ξ ′, η′) can be ex-
pressed as

ξ ′ = ξ−η√
2

, η′ = ξ+η√
2
−

√
2

4 . (I.8)

In the ξ ′–η′ frame, the node coordinates are

(ξ ′, η′)1 =
(√

2
4 , 0

)
, (ξ ′, η′)2 =

(
0,

√
2

4

)
,

(ξ ′, η′)3 =
(
−

√
2

4 , 0
)

, (ξ ′, η′)5 =
(

0,−
√

2
4

)
,

(I.9)

where the corresponding position vectors are x1, x2, x3 and x5 respec-
tively. Fit a four-parameter quadratic ansatz for x in the ξ ′–η′ frame, i.e.

x(ξ ′, η′) = a + b ξ ′ + c η′ + d ξ ′2. (I.10)

Let xi = x((ξ ′, η′)i) for i ∈ {1, 2, 3, 5}, the coefficient vectors are

a = 1
2(x2 + x5), b =

√
2 (x1 − x3),

c =
√

2 (x2 − x5), d = 4 (x1 + x3 − x2 − x5).
(I.11)
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Position derivatives in the (ξ ′, η′) coordinates are
∂x
∂ξ ′
∂x
∂η′

 =

[
b + 2d ξ ′

c

]
, (I.12)

which can be transformed back to the (ξ, η) coordinates by
∂x
∂ξ
∂x
∂η

 = R⊤
45


∂x
∂ξ ′
∂x
∂η′


= 1√

2

[
1 1

−1 1

] [
b + 2d ξ ′

c

]

= 1√
2

[
b + c +

√
2d (ξ − η)

−b + c +
√

2d (ξ − η)

]
.

(I.13)

Substituting (ξ, η) = (1
4 , 1

4) into (I.13) and using (I.11) gives[
∂x
∂ξ

∂x
∂η

] ∣∣∣
(1/4,1/4)

= [x1 + x2 − x3 − x5 − x1 + x2 + x3 − x5] .

(I.14)

Similarly, the interpolated position derivatives at (ξ, η) = (1
2 , 1

4) and
(ξ, η) = (1

4 , 1
2) are[

∂x
∂ξ

∂x
∂η

] ∣∣∣
(1/2,1/4)

= [−x1 + x2 − x3 + x6 − 2x1 + 2x2] ,[
∂x
∂ξ

∂x
∂η

] ∣∣∣
(1/4,1/2)

= [2x2 − 2x3 − x1 + x2 − x3 + x4] .
(I.15)

By comparing (I.4) and (I.14), as well as (I.5) and (I.15), it is clear that
the gradient at the edge midpoint of central triangle depends only on
its four surrounding nodes and the two interpolation schemes give the
same position derivatives at the center of the triangle. Therefore, the six-
node interpolation scheme and the four-node interpolation scheme are
equivalent in terms of evaluating the position gradients at the triangle
center.
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Appendix J

Bending Energy of the Annular
Sector

Geometry and notation. Let α be the half-apex angle of a cone. For any
point on the cone, ρ denotes the geodesic distance from the apex, and d
is the axial distance measured along the cone’s axis (see Figure J.1). The
developed sector spans a polar angle φ ∈ [0, γ] and a radial interval
ρ ∈ [ρ1, ρ2] (see Figure J.2).

d ρ

r
β

α

Apex

Surface point

Figure J.1: Geometry of the cone.

Principal Curvature. Considering the cone parametrized by the axial
distance d and the azimuthal angle β:

r(d, β) = (d tan α cos β, d tan α sin β, d), (J.1)
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its first derivatives are

∂r
∂d

= (tan α cos β, tan α sin β, 1), (J.2)

∂r
∂β

= (−d tan α sin β, d tan α cos β, 0). (J.3)

The first fundamental form is

a =

(
E F
F G

)
, (J.4)

where E, F, G are

E =
∂r
∂d

· ∂r
∂d

= tan2 α + 1 = sec2 α, (J.5)

F =
∂r
∂d

· ∂r
∂β

= 0, (J.6)

G =
∂r
∂β

· ∂r
∂β

= d2 tan2 α. (J.7)

The unit normal vector n is

n =

∂r
∂d ×

∂r
∂β∣∣∣ ∂r

∂d ×
∂r
∂β

∣∣∣ = (−d tan α cos β, −d tan α sin β, d tan2 α)

d tan α
√

1 + tan2 α

=
1

sec α
(− cos β, − sin β, tan α).

(J.8)

The second derivatives are

∂2r
∂d2 = 0,

∂2r
∂d∂β

= (− tan α sin β, tan α cos β, 0),

∂2r
∂β2 = (−d tan α cos β,−d tan α sin β, 0).

(J.9)

The second fundamental form is

b =

(
L M
M N

)
, (J.10)
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where L, M, N are

L =
∂2r
∂d2 · n = 0, (J.11)

M =
∂2r

∂d∂β
· n = 0, (J.12)

N =
∂2r
∂β2 · n =

d tan α

sec α
= d sin α. (J.13)

The principal curvatures κ1, κ2 are the eigenvalues of the shape operator
(Weingarten map) S = a−1b. Given that the coordinate system is orthog-
onal (F = 0) and conjugate (M = 0), both fundamental form matrices are
diagonal:

a =

(
E 0
0 G

)
, b =

(
L 0
0 N

)
. (J.14)

The shape operator is then computed as

S = a−1b =

(
1/E 0

0 1/G

)(
L 0
0 N

)
=

(
L/E 0

0 N/G

)
. (J.15)

The principal curvatures are the diagonal elements (eigenvalues) of S:

κ1 =
N
G

=
d sin α

d2 tan2 α
=

1
d tan α sec α

, (J.16)

κ2 =
L
E
= 0. (J.17)

One can get the non-zero principal curvature of the cone as

κ =
1

d tan α sec α
(J.18)

=
1

tan α (ρ cos α) sec α

(
using d = ρ cos α

)
(J.19)

=
1

ρ tan α
. (J.20)
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dA

dρ
ρd

φ

dφ
ρ

φ
γ

ρ1

ρ2

Figure J.2: Developed annular sector showing the area element.

Area of the annular sector. The area element of a developed annular
sector is

dA = ρ dρ dφ, φ ∈ [0, γ], ρ ∈ [ρ1, ρ2], (J.21)

so that the total area is

Asector =
∫ ρ2

ρ1

∫ γ

0
ρ dφ dρ. (J.22)

Bending energy of the annular sector. The bending energy of the an-
nular sector is

Ψb =
∫ ρ2

ρ1

∫ γ

0

kb
2

κ2 ρ dφ dρ (J.23)

with bending rigidity kb = Eh3/[12(1 − ν2)].

By substituting (J.20) into (J.23) and integrating over the area, one
gets

Ψb =
∫ ρ2

ρ1

∫ γ

0

kb
2

(
1

ρ tan α

)2

ρ dφ dρ

=
kb

2 tan2 α

∫ ρ2

ρ1

∫ γ

0

1
ρ

dφ dρ

= −kb γ

2
cot2α ln

(
ρ1

ρ2

)
.

(J.24)
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Using the following material and geometric parameters: E = 4 ×
109, ν = 0, h = 0.1, α = π/4, γ = π/4, ρ1 = 0.1 and ρ2 = 0.105 one gets
Ψb ≈ 6.3866 × 10−6.
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